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Preface

Historically, the set-theoretic and semantic paradoxes have had an
enormous impact in logic. On the one hand, the set-theoretic para-
doxes discovered in the early twentieth century created a climate
in which work in logic, metamathematics, and foundations could
flourish, and led directly to many of our present day concerns. On
the other hand, diagonal constructions similar to those involved in
several of the paradoxes provided us with one of the most basic
tools of logic. Examples come readily to mind: diagonal construc-
tions gave us Cantor’s Theorem in set theory, the undecidability of
the halting problem in recursion theory, and Godel’s Incomplete-
ness Theorems in proof theory.

It is striking, though, that in one branch of logic, model theory,
the impact of the paradoxes has been almost entirely negative. The
Liar paradox, by convincing the founding fathers that languages
containing their own truth predicate and allowing circular reference
were incoherent, has led to the exclusion of such languages from
mainstream logic. Given the fruitfulness of diagonal arguments in
the rest of logic, one wonders whether the path followed in model
theory was really the most productive reaction to the paradox. In
this book, we present an account of the Liar that shows it to be
a true diagonal argument, one with profound consequences for our
understanding of the most basic semantical mechanisms found in
ordinary language. Indeed, we think the Liar is every bit as signifi-
cant for the foundations of semantics as the set-theoretic paradoxes
were for the foundations of set theory.
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We have tried to make this book largely self-contained. In
particular, we haven’t presupposed familiarity with any of the other
approaches to the semantical paradoxes. We have described two of
the best known treatments, those of Tarski and Kripke, in sufficient
detail for the reader to see how ours differs, and why. But many
other interesting approaches have been cxplored in recent years
which we’ve only mentioned in passing, if at all. We hope that after
reading this book, the reader will want to compare our account
with some of those others. We recommend the volume Recent
Essays on Truth and the Liar Paradoz, edited by R.L. Martin, as
an excellent place to start. Scveral of the works referred to in what
follows, including Kripke’s, are reprinted in Martin’s collection.
We call particular attention to the accounts of Parsons (1974) and
Burge (1979). While their approaches are quite different from each
other, and also from ours, each has significant points of similarity
with the account we end up arguing for here.

This book is meant to be accessible to anyone with a working
knowledge of first-order logic and the basics of Zermelo-Fraenkel
set theory. We hope that the results and techniques introduced
here will be of use and interest to a fairly wide audicence, includ-
ing logicians, linguists, computer scientists, and philosophers of
language, and so have tricd to make the book accessible to all
these groups. Writing for such a diverse audience has naturally
been somewhat difficult. While the content has forced us into a
rather mathematical style of exposition, we have tried, exposito-
rily and organizationally, to make the book of use to this entire
range of readers. Readers less interested in the technical details of
our account may well want to skip the proofs of more complicated
thecorems. The more involved proofs begin with a description of
the main idea, and this will suffice for most purposes. The simple
proofs, though, should be read and understood, since they often
bring out crucial features of the account.

To help the reader understand and get comfortable with the
more technical side of the material, we’ve included a wide range
of exercises, from very simple to quite difficult. These exercises
should at least be read, even if not fully worked out, since they are
relevant to the flow of the book. We hope that the exercises, plus
the division of the book into thirteen short chapters, will make it
a useful text to work through in a seminar setting. We have also
included some open problems for the more adventuresome.
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One chapter of the book is devoted entirely to an exposition of
Peter Aczel’s set theory, ZFC/AFA, and its universe of hypersets,
which we use in giving our account. We have found ZFC/AFA
to be an extremely convenient theory in which to model the sorts
of circularity involved in the Liar, and are convinced that it is an
important new mathematical tool that will find increasingly wide
application. Even readers who do not find our treatment of the Liar
to their liking should find the techniques made available by Aczel’s
hypersets to be worth the effort involved in working through the
book.
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1
The Liar

Some background

Logicians, it is said, abhor ambiguity but love paradox. Perhaps
that is why they are so inclined to give formal prescriptions for
avoiding the famous Liar paradox, but so loathe to diagnose the
underlying problem that gives rise to it. Despite its antiquity, and
its genuine importance, no adequate analysis of it has ever been
given, or so we feel. Since it clearly involves the most basic seman-
tical notions—truth, reference, and negation, and little else—this
lack of understanding calls into question the very foundations of
the semantical enterprise.

The Liar paradox gets its name from formulations in which a
speaker asserts, directly or indirectly, that his own assertion is a
lie. The simplest such assertion would be one of the form “I am
now lying.” Usually, though, the paradox is not discussed in this
form, since lying introduces various extraneous issues, such as the
speaker’s intent to deceive, that aren’t essential to the paradox.
Instead, it’s more traditional to treat the paradox in one of the
following, distilled versions.

1. What I am now saying is false.
2. This assertion is not true.
3. The third sentence in this list is not true.

The problem with the above assertions strikes us as soon as we try
to decide whether they are true or false. For it seems that such
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claims are true if and only if they are not true. But of course that
is a contradiction, and so something has gone seriously wrong.

On first encounter, it’s hard not to consider assertions of this
sort as jokes, hardly matters of serious intellectual inquiry. But
when one’s subject matter involves the notion of truth in a cen-
tral way, for example when studying the semantic properties of a
language, the jokes take on a new air of seriousness: they become
genuine paradoxes. And one of the important lessons of twentieth
century science, in fields as diverse as set theory, physics, and se-
mantics, is that paradoxes matter. The significance of a paradox is
never the paradox itself, but what it is a symptom of. For a para-
dox demonstrates that our understanding of some basic concept
or cluster of concepts is crucially flawed, that the concepts break
down in limiting cases. And although the limiting cases may strike
us as odd or unlikely, or even amusing, the flaw itself is a feature
of the concepts, not the limiting cases that bring it to the fore. If
the concepts are important ones, this is no laughing matter.

An adequate analysis of a paradox must diagnose the source of
the problem the paradox reveals, and thereby help us refine the
concepts involved, making them truly coherent. But it should do
so in such a way that in normal situations business can proceed as
usual. This is what has happened, for example, in set theory and
relativity theory. But it has not yet happened in the case of the
semantical paradoxes, or so we will claim.

The traditional wisdom about the Liar paradox goes back to
Tarski’s important monograph, The Concept of Truth in Formal-
ized Languages.® Tarski’s was by no means the first serious attempt
to solve the paradox—indeed, the Liar has been a continuing topic
of concern to philosophers and logicians since the middle ages—
but it was the first carefully worked out treatment that brought
to bear the tools of modern logic and set theory. Largely because
of its formal detail and precision, Tarski’s treatment was for many
years considered adequate, if not as a genuine solution to the para-
dox, at least as a general way to avoid it without abandoning the
notion of truth entirely.

Tarski’s concern was with the consistency of scientific and math-
ematical discourse. He recognized that in such discourse we fre-
quently use the notion of truth in ways not easily avoided. For

ITarski (1933), (1935), (1956).
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example when, in logic, we talk about all statements of a given
form being true, or about the truth of all the premises of some
unspecified argument, it’s hard to see how we could say the same
things without employing the notion of truth. But if our ordinary
concept of truth is somehow incoherent, as the paradox suggests,
this raises the question of whether the same incoherence infects
the mathematical and scientific discourse that presupposes the in-
tuitive notion. It is this worry that Tarski set out to address.

What Tarski showed in his monograph is that in a wide vari-
ety of cases, if we begin with a fixed “object language” L, it will
be possible to give, in an enriched “metalanguage” L', an explicit,
eliminable definition of a predicate Trues that applies to exactly
the true sentences of the original language. To apply Tarski’s tech-
nique, the metalanguage must be capable of expressing everything
expressible in the original object language, must contain simple de-
vices for describing its syntax, and finally, must have set-theoretic
resources that go beyond those in the original language. Since the
defined predicate applies to all and only the true sentences of L,
it will allow us to say, in the metalanguage, many of the things
we wanted to say using the intuitive notion of truth, at least when
our attributions of truth are restricted to sentences of the original
language. And assuming the coherence of the syntactic and set-
theoretic notions involved in our definition, these attributions will
never lead to paradox. Of course, the defined predicate is inade-
quate when it comes to sentences in other languages, and in partic-
ular cannot coincide with the notion of truth for the metalanguage
L': for that we have to define a new predicate in a metameta-
language L£” that stands in the same relation to £’ as £’ stood
to L.

Tarski realized that his solution would not apply to natural lan-
guages, or to the notion of truth expressible in natural languages,
at least without adopting radical and artificial revisions of those
languages. The solution depends on the possibility of regimenting
scientific language into a hierarchy of levels, from object language,
to metalanguage, to metametalanguage, and so forth. If this regi-
mentation could be carried out, then it’s clear that sentences like
(1) through (3) would not be expressible in the resulting, strati-
fied system of languages. For a given language in the hierarchy
could only talk about the truth of sentences in earlier languages,
but not about the truth of its own claims, let alone claims that
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become expressible further out in the hierarchy. In this way, Tarski
hoped to sidestep the paradox by employing what was admittedly
an artificial device.

Despite the tremendous influence Tarski’s treatment of the Liar
has had, there are many reasons for dissatisfaction with it. Saul
Kripke is largely responsible for convincing a substantial number
of philosophers and logicians of the impossibility of extending the
Tarskian approach to ordinary uses of the notion of truth.? In
his famous paper “Outline of a theory of truth,”® Kripke did two
things. First, he showed that circular reference of the sort involved
in the Liar is not only a much more common phenomenon than had
been supposed, but also that whether a given utterance is paradox-
ical may well depend on nonlinguistic, empirical facts. Consider,
for example, the following pair of sentences from Kripke's paper.

(1.1) Most of Nixon’s assertions about Watergate arc false.
(1.2) Everything Jones says about Watergate is true.

Now there is nothing intrinsically paradoxical about these sen-
tences. It is easy to imagine all kinds of situations where either or
both could be truly uttered. But Kripke observed that there are
also circumstances in which they would be paradoxical: for exam-
ple, if 1.1 is asserted by Jones, and it is in fact his only assertion
about Watergate, while Nixon asserts 1.2, and the rest of Nixon’s
assertions about Watergatc are evenly balanced between the true
and the false. Such examples show, as Kripke puts it, that “there
can be no syntactic or semantic ‘sieve’ that will winnow out the
‘bad’ cases while preserving the ‘good’ ones.”* In particular, the
sort of linguistic stratification suggested by Tarski would have to

2There are problems with Tarski’s treatment cven if we limit it to uses of the
concept of truth in scientific enterprises. Since Tarski gives an eliminable
definition of Trueg, that is, one which allows the systematic elimination of
all occurrences of the defined predicate, one can see his result as showing
that many of the things we say using the notion of truth can be said without
it if we bring in sufficient syntactic and set-theoretic machinery. One serious
problem with this approach, though, is that the defined notion does not yield
a concept of truth adequate to do semantics, and so the semanticist, at lcast,
cannot appeal to a Tarskian treatment of the paradox. For an elaboration
of this point, sce Etchemendy (1988).

3Kripke (1975).

4Kripke (1975), 692.
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rule out sentences like these, in spite of the fact that they also have
perfectly innocuous, nonparadoxical uses.

Kripke’s second contribution was equally important. There
have been critics of Tarski’s treatment since its first presentation,
but Kripke did much more than criticize the standard treatment.
He went on to present a well worked out theory of truth for a lan-
guage that both allowed circular reference and contained its own
truth predicate. In doing this he convinced people that the problem
presented by the Liar in ordinary language was not intrinsically in-
tractable, and so inspired a resurgence of interest in this perennial
problem. Many authors who have taken exception to particular
features of Kripke’s solution have followed his general approach.
We will discuss this approach at some length in Chapter 5. While
we do not find Kripke’s positive account of truth compelling, we do
agree entirely with the first part of his argument: Tarski’s treat-
ment of the paradox does not get to the heart of the matter, it
does not provide a genuine diagnosis of the paradox.

Diagnosing a paradox

A treatment of the Liar all too often takes the following form.
First, various intuitively plausible principles are set out and moti-
vated by a discussion of the commonsense notions involved. Then
a contradiction is shown to follow from these intuitive principles.
At this point the discussion turns directly to the question of which
principles can be kept and which must be abandoned: the goal, of
course, is to arrive at a consistent set of principles describing the
commonsense notions, but a set immune to the paradox. But in
a sense, the paradox remains paradoxical, despite the treatment.
For the Liar has forced us to abandon intuitively plausible seman-
tic principles without giving us reason, beyond the paradox itself,
to suspect their falsehood. We see that they are false, without
understanding why.

By calling for a diagnosis® of the paradox, we have in mind a
rather different approach. Natural languages do provide us with
various complex devices and mechanisms, such as the ability to
refer to almost anything, and the ability to express propositions

5For further discussion of the difference between diagnosing a paradox and
simply treating it, see Chihara (1979).
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about anything referred to. And among the things we can refer
to are sentences, statements, and propositions; among the things
we can say about them are that they are true or not. Clearly,
the principles commonly introduced in treatments of the paradox
are based on our native intuitions about the way such important
mechanisms work. The obvious lesson taught by the Liar is that
our semantic intuitions, though doubtless generally sound, need
refinement. But the process of refining our intuitions requires a
better understanding of the linguistic mechanisms themselves, and
of how they interact, not just an assessment of the faulty principles
that describe our untutored intuitions.

This difference in approach has been appreciated in the case of
the set-theoretic paradoxes. Naive set theory was based on gen-
erally sound intuitions about set existence and set membership.
It turned out that these intuitions were faulty. But purely formal
treatments of these paradoxes found little favor compared with the
treatment based on new, refined intuitions about sets that grew out
of Zermelo’s conception of the cumulative hierarchy. This concep-
tion sheds light on a whole raft of set-theoretic paradoxes, and sim-
ilarly, an improved understanding of semantic mechanisms should
illuminate the various semantical paradoxes surrounding the Liar.

Though we would hardly claim to have an entirely new concep-
tion of the semantic mechanisms at work in the Liar, we do hope to
bring new tools to bear in the analysis of certain older, neglected
conceptions. And in so doing, we hope to expose the basic problems
that give rise to Liar-like paradoxes. The first tool is the notion
of a partial situation (and the related notion of a fact) borrowed
from situation semantics.® The second tool is an elegant new set-
theoretic framework developed by Peter Aczel. Aczel’s motivation
in developing this framework was to model circular (and other non-
wellfounded) computational processes, but it is equally suited to
model circular propositions and other nonwellfounded semantical
objects. We think the absence of such a set-theoretic framework
has limited prior treatments of the Liar, since it is tempting to
assume that what cannot be directly modeled in set theory simply
cannot be.

Our goal in this book will be to provide a rigorous, set-theoretic
model of the semantic mechanisms involved in the Liar, a model

6See Barwise and Perry (1983).
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that preserves as many of our naive intuitions about such mech-
anisms as possible. Because of this, we will be rethinking several
issues that contemporary treatments of the Liar tend to presuppose
answers to, such as the question of what truth is really a property
of. Some of our answers will seem nonstandard to many logicians
and philosophers, but we think this is at least partly because the
logical and philosophical communities have strayed away from var-
ious pretheoretic intuitions concerning the devices and mechanisms
at work in the Liar.

In the end, we think our account provides much more than a
solution to the paradox of the Liar. It provides an explanation of
how the paradox comes about, and of exactly which of our untu-
tored intuitions come in conflict. One thing the diagnosis reveals is
a striking parallel between this semantic paradox and the familiar
set-theoretic paradoxes, a parallel which has always been vaguely
perceived but which has never clearly emerged in formal accounts
of the Liar.

Some basic decisions

Before we can begin our diagnosis, we must make some very ba-
sic decisions, decisions about how to treat the three fundamental
mechanisms of truth, reference, and negation. With each of these
come subtleties that require attention if we are to carry out a
rigorous semantical analysis. And with each it is all too easy to
go astray, to oversimplify in ways that don’t matter in most cir-
cumstances, but which can prove disastrous when we combine the
three.

The bearers of truth

First and foremost, we must decide what truth is a property of:
sentences, or the things expressed when people use sentences. The
tradition in logic throughout most of this century has been to take
sentences as the bearers of truth. As long as we imagine ourselves
working with something like eternal sentences, sentences whose
content is independent of the circumstances of use, the decision
is largely a matter of convenience: under these assumptions sen-
tences are more convenient, since they provide fairly concrete and
structured objects to use in defining satisfaction and truth, and
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thus allow us to avoid issues about the structural properties of the
things expressed when people use sentences.

Truth, as we ordinarily understand the notion, is a property
of things like claims, testimony, assertions, beliefs, statements, or
propositions. It is not a property of sentences. But the decision
to use sentences as the bearers of truth has proven to be a useful
fiction, a good way of getting a certain amount of logic done with-
out bogging down in extralogical questions about the nature of the
bearers of truth. But the fiction is harmless only in cases where
we can unambiguously associate a claim about the world with each
sentence, or where the slippage between different claims made by
different uses of a sentence is negligible for the purpose at hand.

In many situations, the slippage between a sentence and what
it expresses can be ignored. For example, given the stability of the
solar system, any use of

(*) Earth is the third planet from the sun

expresses pretty much the same thing, or at any rate something
with the same truth value. However, if we take a superficially
similar sentence, say,

{(#x) Earl is the third person in the line

we see that what it expresses is highly dependent on the circum-
stances in which it is used. Which Earl is being referred to, and
which line? And even if we fix an Earl and a line, () may be
true one moment, false the next. After all, with any luck, Earl
is moving forward in line. With examples like this, it obviously
makes no sense to assign a truth value to the sentence itself, as
opposed to what a given use of the sentence happens to express.
Are the sentences that give rise to the Liar paradox more like
(%) or (xx)? Is the slippage between such sentences and what they
express negligible or not? That remains to be seen.” The point
we want to make here is that we risk prejudging a crucial issue if

7Certainly some distinguished writers have thought that it was not negligible.
For example, Charles Parsons (1974) and Tyler Burge (1979) argue that the
Liar involves some sort of context dependence. There is certainly a prima
facie case for thinking this. For the paradox involves an argument, and in
this argument there are repeated references to the Liar. If for some reason
these different uses of the Liar actually express different propositions, it
may be that there is no paradox at all. This is basically the line taken by
Parsons. He argues that between the Liar sentence and what it expresses
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we decide to assign truth values to sentences. As long as there is
even a possibility that what the Liar sentence expresses depends on
things other than the sentence itself, we should give up the fiction
that sentences are the primary bearers of truth.

Once we abandon sentences as the bearers of truth, we must
replace them with something else. The most natural candidates
are statements or propositions. By a statement we will understand
certain sorts of datable events, those where a speaker asserts or
attempts to assert something using a declarative sentence. In con-
trast, we take a proposition to be a claim about the world, the kind
of thing that is asserted by a successful statement. Some writers
use the term “statement” the way we are using the word “propo-
sition,” but we find the present terminology more convenient, and
arguably more in line with common usage.

We are going to work with both statements and propositions,
but we will take truth to be fundamentally a property of propo-
sitions and derivatively a property of statements. There are two
considerations that motivate this choice: considerations of grain
and the possible lack of truth value. Statements are much more
fine-grained than propositions. If I now say “I am tired,” I ex-
press the same thing that you express by saying now, of me, “He is
tired.” We have made different statements, statements with many
different properties: most obvious is that they involved different
speakers using different sentences. But they have the same truth
value. And intuitively, they have the same truth value because
they express the very same proposition, because they make the very
same claim. This makes it natural to view propositions rather than
statements as the primary bearers of truth.

Another intuitive difference between statements and proposi-
tions is that the former can go wrong in ways the latter cannot. In
particular, I may make a statement that fails to have a truth value,
perhaps because the statement presupposes something that is not
the case. For example, if I point at an empty tabletop and say
“That card is not the ace of spades,” then my statement fails in a
different way than if I had been pointing at the ace of spades. We
will say that it fails to express a proposition because of the failure
of the presupposition—that I am pointing to a card—and that for

there is an implicit quantification, and that the range of quantification shifts
during the course of the argument. Burge, on the other hand, argues that
it is the extension of the truth predicate that varies with shifts in context.
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this reason the statement has no truth value. As we understand
the terms, statements are the sorts of things that may have pre-
suppositions; propositions are not, but rather are the claims made
by statements whose presuppositions are fulfilled.

Both of these considerations suggest that taking truth as fun-
damentally a property of propositions, with the truth value of a
statement in some sense “derivative,” is the appropriate choice to
make in studying the Liar. As we will see, it’s a choice that forces
us to confront difficult issues about truth head on, rather than
avoid the paradox in an ad hoc manner. At any rate, these consid-
erations are the main reasons we have chosen propositions as the
basic semantical objects in this study.

Of course, once this decision is made, we are immediately faced
with three formidable tasks. First, we must give some account of
the nature of propositions, at least enough of an account to say
when a proposition is true. Second, we must give such an account
of truth for propositions. And third, we must give an account
of the relation between sentences and the propositions they can
express.

We will actually tackle these tasks twice over. We will develop
and compare two distinct, competing accounts of propositions, one
due to Russell, the other derived from Austin. Each of these comes
with its own account of truth and of the relation between sentences
and the propositions they express. It will turn out that on the
Russellian analysis, the Liar sentence

(A) This proposition is not true

does express a unique proposition, f, which we call the Liar propo-
sition. However, on the Austinian analysis there will be many
different propositions that can be expressed using A.

Once we admit propositions and take truth to be a genuine
property propositions may have or fail to have, we must abandon
anything like the redundancy theory of truth. If “(x)” refers to the
sentence so labeled above, then admittedly (*) and

(*) The proposition expressed by (x) is true

have a pretty intimate connection. In particular, it seems that
neither of the claims made by (x) and (%) can be true unless the
other is as well. Still, they are importantly different claims. For
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there is a clear shift of subject matter: one is a claim about the
earth, the other a claim about a proposition.

Intuitively, the intimate connection between the above pair of
sentences is a consequence of the meaning of “true,” and is closely
related to Tarski’s famous “T-schema.” When truth is taken as a
property of propositions, rather than sentences, then the T-schema
presumably takes something like the following form.

(T') The proposition that ... is true iff ... .

Here the two occurrences of “...” can be filled in by any sentence

that expresses a proposition, as long as it expresses the same propo-
sition both times. It turns out that the strict counterparts of this
schema come out valid on both accounts we consider, though a
related schema must be given up in the Russellian treatment.

Before we turn to the other mechanisms involved in the Liar, it
is important to note one significant consequence of our decision to
treat truth as a property of propositions rather than of sentences
or statements. Sentences or statements may well fail to express a
proposition, and so fail to have a truth value. Which is to say, a
sentence or statement might not be true, but not because it makes
a false claim about the world. In contrast, it’s not clear what it
could mean for a proposition to be false except for it simply not
to be true. For once we arrive at the proposition, a genuine claim
about the world, only two possibilities seem to remain: either the
claim is right or it’s not. With propositions, then, it seems that
being false is nothing more nor less than failing to be true.®

This consequence obviously has an important effect on any
treatment of the Liar. To date, most treatments of the paradox
have dealt with sentences, and many have employed the notions
of a truth value gap or a third value. These accounts declare the
Liar sentence to be neither true nor false. But from our perspec-
tive, assigning a truth value gap to the Liar sentence is tantamount

8We are setting aside issues of time and tense in this book, and so do not
need to take a stand on propositions about the future, say the proposition
that there will be a nuclear war before the year 2025. If we had to take a
stand we would say that such claims either are true or not, but note that
it might not now be determinate which is the case. Perhaps only in the
year 2025 could one look back and see whether that proposition is (and so
was) true, and what events between now and then contributed to its truth
or falsity. But, as we say, such a stand is not forced on us. We just think it
is right.
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to saying it does not express a proposition, since gaps are never
associated with propositions. Thus if this option is pursued, one
owes an explanation of why such sentences cannot express proposi-
tions. This is a major defect in most accounts that appeal to gaps:
they offer no accompanying explanation for the failure of the Liar
sentence to express a claim, one that is either true or not. An ade-
quate explanation of this alleged feature of the Liar sentence must
say more than that assuming otherwise would lead to paradox, for
that explains nothing. Similarly, simply asserting that the Liar sen-
tence cannot express a proposition due to its “vicious circularity”
is no explanation, as has been emphasized by Kripke. For many
perfectly acceptable claims involve similar kinds of circularity.
This defect in accounts that employ gaps or third values gener-
ally comes back to haunt them in the form of so-called strengthened
Liars. If we’ve given no explanation of why a Liar sentence like

(As) This sentence is false

fails to express a genuine claim, but have simply assigned it a gap,
then nothing stands in the way of reintroducing the paradox in
slightly altered guise:

(Ng) This sentence is either false or “gappy.”

If we had a convincing account of why Ag should fail to express
a proposition, then that same account would presumably transfer
over to A as well, or even, for that matter, to

(A%) This sentence is either false or fails to express any claim at
all.

In the absence of such an account, though, sentences like the lat-
ter two seem intuitively to make perfectly understandable claims.
But they turn out to be paradoxical, even if we grant the original
“solution” applied to Ag.

The fact that the paradox can be reintroduced in the form of
a Strengthened Liar is sure indication that an account fails on
precisely this point. Thus we see one final reason for explicitly
introducing propositions, and for insisting on the simple point that
they are either true or not. By so doing we force ourselves to
confront the issue of whether Liar sentences make genuine claims,
and if we decide they do not, to explain exactly why this should
be so. Thus it does not limit our options, though it does force us
to be forthright in the treatment of any presumed “gaps.”
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Referring to propositions

Truth comes first, because it is to bearers of truth we must refer
if we are to say things like “... is true.” Once we have settled
on propositions, the next question is: what propositions can one
refer to? Our answer is the simplest possible one: you can refer
to any proposition whatsoever. More generally, there seems to
be no particular reason to doubt that one can refer to absolutely
anything at all, using some pronoun or other, or by giving it a
name, at least as long as that thing can be described, pointed at,
or in some other way made salient. Propositions are no different
in this respect from anything else.

Of course this doesn’t tell us what propositions there are to
be referred to. In particular, it does not answer the question of
whether there are circular propositions of the sort that seem to be
expressed by Liar-like sentences. Sentences like “This proposition
is expressible in English using fewer than twelve words,” as well as
the examples of Kripke discussed earlier, seem to show that there
is nothing wrong in principle with circular propositions, or with
sentences that refer to the very proposition they express. This
does not show that the Liar sentence itself expresses a proposition,
but it does argue against any simple-minded ban on circularity, on
propositions that are directly or indirectly about themselves. Our
policy will be to take the most liberal stance on this issue, and so
build into both of our models the assumption that one can always
use the phrase “this proposition” to refer to something, and that
that something can be the very proposition the embedding sentence
is used to express. Thus if the Liar sentence does not express a
proposition, it is not because of a general prohibition against self-
reference or circularity.?

Once we decide that we can refer to any proposition at all, we
must still decide how the various linguistic mechanisms for referring
work. In this book we are going to follow tradition by treating
names as uniquely referring expressions. That is, we are going to
assume, contrary to fact, that a name like “Max” picks out a single

9We prefer the term circularity to self-reference since referring is something
speakers do, and so the object of an act of self-reference should be the
speaker, not a sentence, statement, or proposition. This point has usually
been set to one side, and since sentences are syntactically wellfounded, and
80 can’t contain themselves as proper parts, traditional sentential treatments
of the Liar have taken self-reference to be the phenomenon at issue.
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individual. This counterfactual assumption does not prejudice our
study of the Liar, since we will not be using a version where the Liar
is referred to by a name.'® Rather, we will use demonstratives such
as “this proposition” and “that proposition,” and so should say
something about how these work. As for “this proposition,” we will
treat it as semantically reflexive, that is, as always referring to the
proposition expressed by a sentence of which it is a part. This is a
slight regimentation of ordinary English, where “this proposition”
can also be used demonstratively, to refer to some other proposition
immediately at hand. Thus, for example, if we are in a department
meeting discussing a proposal to change the graduate requirements,
one might say, “This proposition will improve the program in three
ways.” Here there is no temptation to take “this proposition” as
referring to the proposition expressed by the speaker, but rather,
to the proposition on the floor at the moment. We will return to
this point below. As for “that proposition,” we will assume it can
be used to refer to any proposition at all.

In the Austinian account, we will see that reference enters the
picture in another way as well, since the theory supposes that
statements are always made with an implicit reference to some ac-
tual situation. So the question will arise: which situations can one
say something about? The most liberal answer, and so the most
attractive initially, is again the simplest: you can say something
about any actual situation. We will begin with this assumption,
but will find reasons for supposing it to be too liberal. Indeed, we
will suggest restrictions on which actual situations a speaker may
legitimately refer to without being subject to a charge of quibbling.

Negation and denial

Finally, let us consider negation. Some students of language have
accused logicians of overlooking an important distinction, the dis-
tinction between negation and denial. There is some intuitive
support for such a distinction. An assertion, even if it contains
a negative element, stakes out a claim about the world, whereas

10Note, however, that this counterfactual assumption certainly does infect
any treatment of the paradoxes which deals with sentences, and which also
uses names for sentences, as in:

(¢) p is not true.
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intuitively, a denial rejects some claim that has already been raised.
Thus denials presuppose the salience of the proposition to be de-
nied.

Let’s distinguish verb phrase negation from sentence negation,
where verb phrase negation involves a negative element in the verb
phrase (as in the verb phrase “doesn’t have the ace of spades”)
and sentence negation is expressed in sentences beginning with “It
is not the case that ... .” Other things being equal, verb phrase
negation is more likely to be used to assert a negative claim than
sentence negation. In contrast, a denial will probably be expressed
using sentence negation or, more likely, a sentence that exploits
the salience of the proposition in question, such as “That’s not the
case” or “That’s not true.”

Unfortunately, syntactic structure alone does not settle the
question of whether the utterance is an assertion or a denial. For
example, sald with the right intonation, sentences involving verb
phrase negation can take on the same presupposition as those in-
volving sentence negation. Thus, a sentence containing a negative
verb phrase can be used in either way, to assert a proposition or
to deny some presupposed proposition.

Whether this pragmatic ambiguity is important in understand-
ing the semantics of the Liar remains to be seen, but again, as
long as there is a chance that it is, we should keep the distinction
between acts of assertion and acts of denial in mind. For this is
just the sort of subtlety that could emerge as important in extreme
cases like those involving the Liar. Traditional logic, by focusing on
sentence negation alone, has given itself no mechanism for keeping
these distinct sorts of activities apart.

For the most part, we are going to focus on assertions in this
book. In particular, just as our main interpretation of sentences
like

The ace of clubs is not red

will be as assertions, so too our main interpretation of sentences

like
Proposition p is not true

will be as asserting a proposition about p, that p is not true, rather
than as a denial of either the proposition p or the proposition that
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p is true. In particular, we will primarily treat the Liar as an
assertion about itself, the assertion that it is not true. However,
on both of our analyses of propositions, the distinction between
assertions and denials will, in different ways, play an important
role. In Chapter 12 we will discuss how the ambiguity between
assertion and denial plays a significant role in the Liar.l!

We saw earlier that the T-schema describes the intuitive rela-
tion between a proposition p and the proposition that p is true.
We expect a dual relation to obtain between p and the proposition
that p is not true, namely:

(F) The proposition that ... is not true iff ~....

In this case the initial occurrence of “...” is to be replaced by a sen-
tence expressing a proposition. But what about “~...”?7 Should
it be replaced by a sentence asserting the negated proposition, or
should it be interpreted as an embedded denial? It will turn out
that these are vastly different conditions.

Plan of the book

Having argued that the propositional version of the Liar prejudges
fewer potentially important issues, we can now describe in more
detail the form our analysis will take. In broadest outline, our
methods are the standard ones of model theory: we use set theory
to construct models of sentences, propositions, and worlds, and of
the various relations among these. The most basic relations we will
have to account for are, first, the relation between sentences and
the propositions they express, and second, the tripartite relation
between propositions, the property of truth, and the world. In
detail, though, the methods we use differ in various ways from
more traditional treatments.

Perhaps the most striking difference is the set theory we use.
Since the semantic phenomena that concern us involve circular-
ity of various sorts, standard set theories, all of which assume
the axiom of foundation, are quite awkward in that they fore-
close the most natural ways of modeling these phenomena. Be-
cause of this, we have turned to an elegant alternative due to Peter
Aczel. In this theory the axiom of foundation is replaced with an

HFor another discussion of the role of denial in the paradoxes, see Terry
Parsons (1984).
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“anti-foundation” axiom, called AFA. This axiom is based on an
extremely intuitive alternative to the cumulative conception of sets,
and guarantees the existence of a rich class of circular objects with
which to model the circular phenomena involved. We present a
self-contained introduction to this theory in Chapter 3.

As we indicated earlier, we will develop two distinct accounts,
one based on a fairly common, Russellian conception of the relation
between language and the world, the other based on an Austinian
conception. In both, propositions are taken as the primary bearers
of truth. Where the accounts differ is in their view of the nature
of propositions, the mechanisms whereby sentences can be used to
express propositions, and the nature of truth. In neither account
do we use the most familiar, “possible worlds” technique for mod-
eling propositions, where propositions are modeled as subsets of an
indexed set of first-order structures.!? In both of our approaches,
we use structured, set-theoretic objects which code up the claim
made by a proposition to represent that proposition. The spe-
cific structure of these set-theoretic representatives is not meant
to signify that propositions themselves display the same or similar
structure, or even that they are necessarily structured objects at
all. Rather, the structure is there to facilitate our characterization
of the two basic relations mentioned above.

We present these two models side by side, the Russellian ac-
count in Part II and the Austinian account in Part I1I, making the
best case we can for each. Ultimately, we argue that the Austinian
treatment provides a far superior account, one that preserves vir-

12We have avoided the possible worlds approach for several reasons, but
mainly because it prejudges a number of crucial issues that the Liar forces
us to rethink. In particular, the approach does not treat the truth of propo-
sitions on a par with other properties, but instead reduces it to the member-
ship of the “actual world” in the proposition in question. This makes it dif-
ficult, if not impossible, to distinguish sensibly between a proposition p and
the proposition that p is true, or between the negation of p and the propo-
sition that p is false. Other problems arise due to the “coarse-grainedness”
of this representation of propositions: on this approach, logically equivalent
propositions are represented by the same set. For reasons related to this, it
turns out that there is no way to indicate what a proposition is about, and
hence no way to indicate which propositions are circular, i.e., about them-
selves. Finally, as will become clear in Part II, the intuitive conception of
propositions underlying the possible worlds approach, which is in relevant
respects similar to the Russellian, is actually at odds with the assumption
that worlds are total, i.e., that they settle all issues.
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tually all of our pretheoretic intuitions about truth and the world,
while at the same time more accurately reflecting the enormous
flexibility of language. But the Russellian account is not simply
presented as a foil, since what we learn in the Russellian account
takes on deeper significance viewed from the Austinian perspective.
Indeed, there is a certain sense in which the Russellian account can
be embedded in the Austinian framework. Doing so illuminates
both accounts, while also spotlighting those pretheoretic intuitions
about language that lead to paradox. The relation between these
accounts is discussed in detail in Chapter 11, as well as in the
conclusion.

A budget of Liar-like paradoxes

We said earlier that a genuine diagnosis of the Liar paradox should
provide an understanding of a host of related phenomena. In this
section we collect together several examples of paradoxical propo-
sitions, and of others that, while not paradoxical, are related to
those that are in obvious ways.

The Liar: Our framework will allow us to consider the relation
between sentences and the various propositions they can express,
and, in particular, the relation between the Liar sentence

(M) This proposition is not true

and the propositions, if any, that it can express.
Just for the record, let us run through the intuitive reasoning
that shows A to be paradoxical.

1. It seems clear that A can be used to express a proposition
about any proposition p that we can successfully refer to with
the expression “this proposition,” namely, the proposition
that p is not true.

2. Thus, it seems plausible that A can be used to express a
proposition, call it f, about itself, namely, the proposition
that f is not true.

3. If f were true, then what it claims would have to be the case,
and so f would not be true. So f cannot be true.

4. But if f is not true, then what f claims to be the case is in
fact the case, so f must be true, which is a contradiction.
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At first blush, it does seem as though (2) may be the most vul-
nerable link in this reasoning, and many attempted solutions to the
paradox have drawn the line at this point. For example Russell’s
ban on “vicious circles” took just this line, as did Tarski’s insis-
tence on a strict language/metalanguage hierarchy. The problem
with such treatments, as has been recognized by many authors, is
that they also exclude from consideration perfectly understandable
and nonproblematic propositions, like this one.

We have already indicated that our general methodological con-
cerns lead us to avoid such ad hoc strictures, unless, of course,
they turn out not to be ad hoc: unless a careful analysis of the
relation between reference and propositions shows the restriction
to be an upshot of the general mechanisms involved. At first sight,
this just seems false, since there are many nonparadoxical proposi-
tions, both true and false, that are about themselves. And indeed,
in each of the models we present, there are legitimate propositions
about themselves that can be expressed by A. So we will have to
locate the problem elsewhere.

The above reasoning is closely related to the T-schema. Applied
to the Liar, the T-schema yields:

The proposition that (this proposition is not true) is true if
and only if (this proposition is not true).!3

But this is not, in and of itself, a flat-out contradiction. To arrive
at one, we need to get from the above instance to the result of
replacing the second occurrence of “this proposition” with “the
proposition that (this proposition is not true).” This substitution
gives us:

The proposition that (this proposition is not true) is true if
and only if the proposition that (this proposition is not true)
is not true.

This substitution is justified by (2). And of course, the above is
indeed a flat-out contradiction. The “only if” direction corresponds
to step (3) of our reasoning, the “if” direction to step (4).

13The purpose of the parentheses is to make clear that the “this” refers to the
proposition expressed by the sentence within parentheses, not some larger
sentence. In our formal language £ introduced below, where parentheses
are used as usual, this particular function will be carried out with a scope
indicator symbol |.
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The Truth-teller: Closely related to the Liar is the Truth-teller,
the proposition that claims of itself that it is true. It is expressed
by the sentence

(t) This proposition is true.

Here the basic intuition is that the proposition expressed by 7 is
not paradoxical, but rather that its truth value is “up for grabs.”
That is, we seem to be able to assume either that it is true or
that it is false, without any contradiction arising, and completely
independent of whatever “brute,” non-semantical facts there are.

Liar Cycles: Another sort of example is the so-called Liar cy-
cle, which combines features of both the Liar and the Truth-teller.
‘We might imagine several people A, As, ..., Ay, B making claims,
each one about the claim made by the next person, and the last,
B, about the claim made by the first, A4;.

(a1) The proposition expressed by as is true.
(@2) The proposition expressed by as is true.

(a,) The proposition expressed by f is true.
(8) The proposition expressed by «; is false.

Each a; claims that the proposition expressed by the next sen-
tence is true, while g claims that aq’s claim is false. Again, as
in the case of the Liar, there seems to be no assignment of truth
values consistent with these claims.

Contingent Liars: Next consider an example of a Contingent
Liar like the following.

(v) Max has the three of clubs and this proposition is false.

If Max does not have the three of clubs, then it would seem that
this proposition is simply false. However, if Max does have the
three of clubs, then the proposition becomes paradoxical, or so it
would seem.

Contingent Liar Cycles: Kripke’s examples discussed earlier
(1.1 and 1.2) combine features of the Liar cycle and the Contingent
Liar. A simpler version of the same phenomenon is given by the
following. We will have Nixon assert both a; and a3, and Jones
assert (3.
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(1) Max has the three of clubs.
(a2) The proposition expressed by 3 is true.
(B) At least one of the propositions expressed by «; and by
o is false.

Again, if Max does not have the three of clubs, there’s no problem
here. Nixon is wrong both times, and Jones is right. But if Max
does have the three of clubs, then there is no consistent way to
assign truth values to the propositions expressed by either as or S3.

Lob’s Paradox: Closely related to the Contingent Liar is Lob’s
Paradoz.** Consider the following sentence.

(6) If this proposition is true, then Max has the three of clubs.

This example seems to allow you to prove, using only modus po-
nens and conditional proof, that Max has the three of clubs. The
argument goes as follows. Assume the antecedent of §, that is, that
the proposition expressed by 4 is true. But then we have both the
proposition expressed by 6 and its antecedent. In which case, by
modus ponens, it follows that Max has the three of clubs. Thus we
have shown that if the antecedent of ¢ is true, Max has the three
of clubs, and by conditional proof we have established the truth of
§. One last application of modus ponens then gives us that Max
has the three of clubs.

Gupta’s Puzzle: Next consider an example, due to Anil Gupta,'®
of an interesting sort of circularity. Imagine two people, R and P,
who make the following claims about a card game between Claire
and Max, a game in which Claire has the ace of clubs (and so py,
the first claim made by R, is false, while m; is true).

R’s claims: (p1) Max has the ace of clubs.
(p2) All of the claims made by P are true.
(p3) At least one of the claims made by P is false.

P’s claims: (m;) Claire has the ace of clubs.
(w2) At most one of the claims made by R is true.

14We are grateful to Dag Westerstihl for bringing this fascinating example to
our attention. It is closely related to Lb’s Theorem in proof theory, the
result which shows that the sentence of arithmetic which “asserts its own
provability” is provable. For a discussion of the two, see Boolos and Jeffrey
(1980), 186.

5 Gupta (1982), example (3) in part IV.
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Gupta points out that we naturally reason about this case in
the following way. First, we note that p; and p3 contradict each
other, and so at most one of these claims can be true. Since the
claim made by p; is false, the one made by 72 must be true. So py
expresses a truth while p3 does not.

Gupta introduces this nonparadoxical case of circularity as a
counterexample to one treatment of the Liar discussed by Kripke.
Kripke’s “least fixed point” account would render this simple rea-
soning invalid, though it seems perfectly legitimate.'® We will
discuss Kripke’s treatment in more detail in Chapter 5. We list
the example here because’ the failure of this reasoning on many
accounts makes it an important test for any competing treatment.

Strengthened Liar: For our final example, let’s return to the
Liar again. Only this time, consider two people, one of whom
asserts the Liar, while the second, a logician, comments on the
proposition expressed by the first:

(A1) This proposition is not true.
(A2) That proposition is not true.

The interesting thing here is that there is nothing obviously
circular about the second claim. Furthermore, since it seems clear
that the proposition expressed by A1 cannot be true, it would seem
reasonable to assume that the proposition expressed by A; is un-
problematically true. But if that’s the case, doesn’t the same rea-
soning show that the Liar itself is true? If we can step back and
recognize that the Liar cannot be true, why isn’t this same recog-
nition exactly what is expressed by the Liar itself? As we have
already noted, a dilemma of this sort has plagued many treat-
ments of the paradox, and indeed has led many to claim that one
simply cannot speak of the truth of the Liar.

16We refer here to the least fixed point generated by the Strong Kleene eval-
uation scheme, the treatment Kripke discusses in greatest detail. Kripke
is not committed to this particular evaluation scheme, or to the least fixed
point. In maximal fixed points of the Strong Kleene scheme, the sentences
receive the appropriate truth values. Kripke has also observed that there
are alternative valuation schemes which validate the reasoning even in the
corresponding minimal fixed points.
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Exercise 1 Consider the example: “This proposition is true and
it is not true.” Does the proposition expressed seem to be true,
false, up for grabs, or paradoxical?

Exercise 2 Consider the example: “This proposition is true or it
is not true.” Does the proposition expressed seem to be true, false,
up for grabs, or paradoxical? Contrast this with the proposition
expressed by “The Liar is true or it is not true.”

Exercise 3 Consider the examples: “Max has or doesn’t have the
three of clubs, or this whole proposition is false,” and “Max both
has and doesn’t have the three of clubs, or this whole proposition
is false.” Do these seem true, false, up for grabs, or paradoxical?

Exercise 4 Contrast the Liar with the proposition expressed by
“The Truth-teller is false.” Show that the truth value of the propo-
sition expressed by the latter is up for grabs, and so it must be a
different proposition from the Liar.
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Sentences, Statements, and
Propositions

In the previous chapter, we argued that in order to prejudge as few
issues as possible, we should treat truth as a property of propo-
sitions, where these are thought of as objective claims about the
world, and only derivatively as a property of statements or sen-
tences. To model propositions we’ll have to delve a bit into ques-
tions about the nature of a proposition, as well as questions about
the relations between sentences, statements, and the propositions
they express. We will discuss two distinct views: a rather orthodox
view, which we call the Russellian view, and a less familiar account
due to Austin.

Russellian propositions

Of the two conceptions we’ll consider, the Russellian view is the
simpler and more naive. By calling it “naive,” though, we don’t
mean to denegrate it; other things being equal, this is a strong
point in its favor. According to the Russellian view, sentences are
used to express propositions, claims about the world, and these
claims are true just in case the world is as it is claimed to be. These
propositions are thought of as having constituents corresponding
to the subject matter of the claim. For example, a statement
made with the sentence “Claire has the ace of hearts” expresses
a proposition about Claire, the ace of hearts, and the relation of
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having, a claim that is true if the facts that make up the world
include Claire’s having the ace of hearts.! In the simplest possible
case, a Russellian proposition will have one object and one property
as constituents , and will constitute the claim that that very object
has that very property. The proposition will be true just in case it is
a fact that the object has the property. In particular, a proposition
that some proposition p has some property or other, say is true, or
interesting, or expressible in English using at most ten words, has
the proposition p and the corresponding property, as constituents.
It is true just in case the world is such that the proposition has the
property.

By calling propositions Russellian (or Austinian), we do not
mean to make a substantive historical claim about Russell (or
Austin). Indeed, it would be foolhardy to claim that Russell held
any single view of propositions. The nature of truc and false propo-
sitions was a problem Russell struggled with throughout his life.
His theories were driven by the paradoxes, by the view that true
propositions are made truc by the facts, and by the certainty that
there were no such things as “false facts” to make false proposi-
tions false. Indeed, Russell frequently ideuntified true propositions
with the facts that make them true, and for this reason found it
hard to give an account of false propositions.

Our treatment of Russellian propositions will model them and
facts with appropriately structured set-theoretic objects. We will
define a basic relation that holds between a set of facts and a Rus-
sellian proposition just in case the facts make the proposition true.
Then a Russellian proposition will be true just in case there is a sct
of facts that makes it true, and false just in case there is no such set.
Our model will admit propositions that make claims about them-
selves, and hence propositions that are constituents of themselves,
and also collections of propositions that are about each other in cir-
cular ways. In this respect our model is a liberalization of Russell’s
own view, which simply banned “vicious circles” of this sort.

In modeling this conception of a proposition, we will adopt
the most straightforward technique for coding up the claim made
by a proposition. Thus, for example, the proposition that Claire
has the ace of hearts will be represented by a set-theoretic ob-

L1f we weren’t setting aside issues of time and tense in this book, the Rus-
sellian proposition would also have as a constituent some particular time, a
time determined by the context of the statement.
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ject containing among its constituents three objects: Claire, the
ace of hearts, and the relation of having. The set-theoretic rep-
resentative of this proposition will also need something to indi-
cate that it represents a proposition and to distinguish it from
the representative of the negative proposition that Claire doesn’t
have the ace of hearts. For example, we could use the 5-tuple
(Prop, Having, Claire,AQ, 1), where Prop is some distinguished
atom and the number 1 indicates that the proposition is positive.
In order not to bog the reader down with irrelevant coding de-
tails, we will just write [Claire H AQ)] for this representative, and
[Claire H AV] for the 5-tuple (Prop,Having, Claire, AQ,0), the
representative of the negative proposition.

Although in describing the Russellian conception of proposi-
tions we have emphasized the fact that they contain their subject
matter as constituents, this particular feature of Russell’s view will
turn out to be inessential to our treatment of the Liar. What is
mainly relevant is that the truth of a proposition is arbitrated by
the world as a whole. In this important respect the Russellian
view agrees with many other conceptions of propositions, includ-
ing that embodied in possible worlds semantics. Indeed we could
equally well consider our set-theoretic representatives as standing
for propositions under a conception where they do not have any
constituents at all, or where their constituents are something other
than their intuitive subject matter. The moral that we draw from
Part II of the book is intended to apply equally to these other
conceptions.

Austinian statements and propositions

Austin, in his famous paper “Truth,”? gives a strikingly original
view of the property of truth. On his view speakers use sentences
to do a variety of things, among them to make statements. Ac-
cording to Austin, a legitimate statement A provides two things: a
historical (or actual) situation s4, and a type of situation T4. The
former is just some limited portion of the real world; the speaker
refers to it using what Austin calls “demonstrative conventions.”
The latter is, roughly speaking, a property of situations determined
from the statement by means of “descriptive conventions” associ-

2 Austin (1950).
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ated with the language. The statement A is true if s4 is of type
Ta; otherwise it is false.

Consider a simple example. If the sentence “Claire has the ace
of hearts” is used to describe a particular poker hand, then on
the Austinian view the speaker has made a claim that the relevant
situation is of the type in which Claire has the ace of hearts. Notice
that such a claim could fail simply because Claire wasn’t present,
even if Claire had the ace of hearts in a card game across town.
By contrast, on the Russellian view the claim would be true.

While Austin did not use the term “proposition,” it seems in
the spirit of his account to identify what we will call the Austinian
proposition expressed by A with the claim that s4 is of type T4,
and to individuate such a proposition by its two components, the
situation referred to and the type of situation it is claimed to be.
We call the first component the situation the proposition is about,
About(p), and the second component the proposition’s constituent
type, T'ype(p). In the second of our two accounts, we will provide
a simple set-theoretic model of Austinian propositions and show
that in this model every Austinian proposition, including those
expressed by the Liar sentence A, are either true or false (and not
both).

The move from the Russellian view to the Austinian involves
a significant shift in our conception of statements and proposi-
tions. The most obvious change is that on the Austinian view
all propositions contain an additional contextually determined fea-
ture, namely, the situation they are about. Of course the Russellian
admits that contextual elements of the statement play an impor-
tant role in getting you from the sentence to the proposition, in
particular when the sentence involves indexical elements like “I,”
“you,” “now,” and “that.” However, on the Austinian view the
very act of making a statement always brings in another feature,
one not tied to any explicit indexical element in the sentence.

If Austinian propositions are about situations, how can they be
about other things as well, things like Claire and Max or statements
and propositions? And how could they ever be about themselves??

3 Austin himself thought that they could not be, and gave as his reason the
idea that the situation the statement was about had to exist independent
of the statement. On the one hand, this constraint seems just as ad hoc as
Russell’s vicious circle principle, and for the same reasons. But as we’ll see,
it also doesn’t preclude circularity, as Austin seemed to think.
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Austin does not directly address this question, but there would
seem to be two ways an Austinian statement might be said to be
about, say, Max, one having to do with the demonstrative conven-
tions, the other with the descriptive conventions.

The demonstrative conventions require that a statement be
about a situation, and situations are portions of the world. As
such they have constituents, things that actually have properties
and stand in relations in those situations. We will model the
world as a collection of facts, where we model facts with tuples
(R,a1,...,0n,%) consisting of an n-ary relation (for some n), an
n-tuple of objects, and a polarity ¢ € {1,0}, representing the hav-
ing (¢ = 1) or not having (i = 0) of the relation. Since situations
are portions of the world, we will model them with subsets of the
collection of all facts. The a; are constituents of the fact, and so of
any situation in which the fact holds. When we express a propo-
sition about (in Austin’s sense) some situation in which Max is a
constituent, then in one respect we make a statement about Max.

The descriptive conventions give us types of situations, and
these types are themselves much like Russellian propositions. As
such they may contain objects as constituents. For example, a use
of the sentence “Max has the three of clubs” says, according to
Austin, that the situation described is of the type in which Max
has the three of clubs. Here, the statement is intuitively about
Max, not because of the situation the statement is about, but
because Max is involved in the type determined by the descriptive
conventions of English. If the statement is true, then Max will also
have to be a constituent of the situation, and so the proposition
will be about Max in both respects.

Thus, although we have defined About(p) to be the situation
described by p, there are two ways in which Austinian proposi-
tions can be about objects other than situations. And so it makes
sense to ask whether on this conception there is a genuine Liar
proposition, one that is about itself, and claims of itself that it is
false. And of course if there is, we must then ask whether that
proposition is true or false under the Austinian analysis.

A formal language

Before constructing models of Russellian and Austinian proposi-
tions, we will define a simple formal language £ that we can then
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use to illustrate some of the essential features of English, and to fa-
cilitate the comparison of our two accounts. The language gives us
mechanisms for referring to various things, including propositions,
and mechanisms for expressing propositions about the things we
can refer to. In particular, it will allow us to express the proposi-
tions presented in Chapter 1. We have decided to omit quantifica-
tion, since getting a clear, convincing account of reference, truth,
and negation, the semantical mechanisms that give rise to the Liar,
is hard enough. First things first.

Ultimately, we will give two semantic interpretations for our
language, one using Russellian propositions, one using Austinian
propositions. The language is designed for talking about a card
game involving Claire and Max, and about propositions about this
game. We throw in the relation of belief, which we take to hold
between players and propositions, mainly to add variety, to allow
some simple statements about propositions over and above those
involving truth.

We assume that our formal language £ has the following basic
resources:

o Constant symbols: Claire, Max, 2&,3d,..., K&, A&
e (Propositional) Demonstratives: this, that,, that,,...

o A 2-ary relation symbol: Has

A 2-ary relation symbol: Believes

A 1-ary relation symbol: True
o Logical connectives: A,V,—
e A scope indicator: |
There are three sorts of atomic formulas:

e Those of the form (a Has c¢) where a is one of the names
Max, Claire and where c is a name of one of the cards.

e Those of the form (a Believes th) where th is a proposi-
tional demonstrative.

e Those of the form True(th).
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The class of £-formulas is the smallest collection containing the
atomic formulas and closed under the following formation rules:

e If ¢ and 7 are formulas, so are (¢ A ¢), (¢ V ¥), and ~.

o If v is a formula, so is (True ¢) and (a Believes ¢), where
a is either Claire or Max.*

e If ¢ is a formula, so is |.

A word of explanation is in order about the scope symbol “|”.
When we provide semantics for £, we will ensure that this au-
tomatically refers to the proposition expressed by the sentence in
which it occurs. Thus it will be our formal analogue of the English
expression “this proposition,” when that phrase is used reflexively.
But even in its reflexive use, this expression is ambiguous. The
ambiguity emerges in cases like the following.

(2.1)  Max has the three of clubs or this proposition is true.

We think the most natural reading here is one in which “this
proposition” refers to the proposition expressed by the whole of 2.1.
However, we can also imagine it being used to refer to the proposi-
tion expressed by the second disjunct alone, in which case it would
refer to the ordinary Truth-teller proposition. The two readings
give quite different propositions, with different truth-conditions.
In the first case, we will say that the scope of “this” is the entire
sentence; in the second case, its scope is just the second disjunct.
In our formal language, the two would be disambiguated as follows.

(2.2) (Max Has 3&) V True(this)
(2.3) (Max Has 3&) V |[True(this)

Thus, the scope symbol | in |¢ indicates that the “loose” oc-
currences of this within the formula ¢ refer to the proposition
expressed by ¢. With no scope indication, as in 2.2, it is assumed
that this refers to the proposition expressed by the whole sentence.
Thus 2.2 and 2.4 express the same proposition.

4In what follows we will usually refer to formulas of these forms as atomic
formulas, reserving the designation nonatomic for sentences with A,V or —
as a main connective.
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(2.4) 1((Max Has 3&) V True(this))

To formalize all this, we define the notion of & formula contain-
ing a loose occurrence of this by the obvious recursion, with the
crucial clauses being: this is loose in True(this) and (a Believes
this); this is loose in, say, ¢ A% just in case it is loose in either;
and this is not loose in |¢. By a sentence of £ we mean a formula
with no loose occurrence of this.

We will frequently omit the outermost occurrence of the scope
indicator |. Thus when we display a formula ¢ which is not a
sentence and refer to it as a sentence, we mean the closure [¢. For
example, if we were to refer to 2.2 as a sentence, we would really
mean the sentence 2.4. This accords with our convention that in
a formula with a loose this, the demonstrative should refer to the
proposition expressed by the whole, not by some proper part. We
will also occasionally use the notation ¢(this/) for the result of
replacing all loose occurrences of this in a formula ¢(this) with
the formula .

A final word about the scope symbol. We could obviously have
dispensed with it, always opting for the widest possible interpreta-
tion. However, the language is clearly much more expressive with
it. For example, without the scope symbol there would be no direct
way to express the proposition expressed by —|True(this). But
the real reason we have introduced it is that it makes the resulting
language much better behaved, so that it is far easier to prove the
various results below than it would be with the more impoverished
language.

Exercise 5 Find £ versions of the English sentences from the ex-
ercises given at the end of the previous chapter. Which seem to
depend crucially on the presence of the scope operator? (Of course
we cannot prove any of this until we define a semantics for L.)

Exercise 6 Explain how the claims made by the following sen-
tences differ.

1. =|True(this)
2. |-True(this)

Is either claim paradoxical? Are both?
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The Universe of Hypersets

Set theory from Z to A

In both of our analyses of the paradox we take seriously the intu-
ition that the propositions involved are genuinely circular. Since
we are going to model propositions, situations, and facts with
set-theoretic objects, it is extremely inconvenient to adopt a set-
theoretic framework that precludes circular or nonwellfounded ob-
jects. The source of this inconvenience is simple. By far the most
natural way to model a proposition about a given object is to use
some set-theoretic construct containing that object (or its repre-
sentative) as a constituent, that is, where the object appears in the
construct’s hereditary membership relation. But if we carry out
this straightforward approach in a set theory based on Zermelo’s
cumulative hierarchy, we find ourselves inadvertently excluding the
possibility of circular propositions. For the model of a proposition
about another proposition will have to contain the latter’s repre-
sentative as a constituent, and the model of a circular proposition,
one directly or indirectly about itself, will have to contain itself as
a constituent. But the axiom of regularity, or foundation, bans sets
that are members of themselves, or pairs of sets that are members
of each other, and so forth, and so would block us from using such
natural techniques of modeling propositions.*

1The axiom of foundation asserts that the membership relation is well-
founded, that is, that any nonempty collection ¥ of sets has a member
y € Y which is disjoint from Y. This follows from the iterative conception
by chosing any y € Y of “least rank,” that is, a y that occurs as early in
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There are various ways we could sidestep this problem within
standard set theory, but they would involve us in complexities of
considerable magnitude, ones cowmpletely irrelevant to the task at
hand. Of course if worse came to worse, we could just give up set
theory entirely as our working theory. If there had been no coher-
ent alternative to the Zermelo conception of sets, one that admits
circularity, we would probably have done just that. But Peter
Aczel has recently developed an appealing alternative conception
of sets, and with it a consistent axiomatic theory tailor-made for
our purposes. Aczel’s theory, based on an extremely natural ex-
tension of the Zermelo conception, is quite casy to learn and, once
learned, lets us bring to bear all of the familiar set-theoretic tech-
niques to the problem of modeling circular phenomena. We devote
this chapter to an exposition of Aczel’s theory, one that will allow
the reader to follow the details of the rest of the book, as well as
apply the theory in other domains.

To appreciate the intuitive appeal of Aczel’s conception, let’s
first rehearse a common way of picturing ordinary sets. Consider,
for example, the set ¢y = {ag, by} where gy = {Claire, Max} and
bo = {ap, Max}. There are many ways to picture this set, but
one natural and unambiguous way is with the labeled graph shown
in Figure 1. In this graph cach nonterminal node represents a
nonempty set, the set containing the objects represented by the
nodes below it. For example the top node in the graph represents
the set ¢, a set whose only members arc the sets ag and by, and
these latter sets are in turn represented by the nodes immmediately
below the top node. Note that the set represented by a node need
not itself be the node, and indeed in Figure 1 we find two different
nodes that each depict, and so are labeled by, the single sct ag. The
bottom nodes in this example represent Max and Claire, neither
of whom have elements, and so there are no nodes below them.
The idea of such a graph, of course, is that the arrows represent
the converse membership relation: an arrow from node z to node
y indicates that the set (or atom) represented by y is a member of
the set represented by x.

Notice that one and the same set may well be depicted by many
different graphs. Consider, for example, the graphs in Figure 2.

the cumulative hierarchy as any other member of Y. This rules out circu-
larity. For example, note that if @ € a then the set Y = {a} violates this
assumption.
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These are clearly different graphs since they have different graph-
theoretic properties. For example, the three graphs have different
numbers of nodes, and the first is a tree while the others are not.
Still, as we’ve indicated by the labeling, they all depict the same
set, the von Neumann ordinal three. Similarly, Figure 3 gives a
different, and more economical depiction of our original set cp.
The differences among these graphs, for our purposes, amount to
little more than the relative economy of nodes: Figure 3 has four
fewer nodes than Figure 1, but it gives us a picture of exactly the
same set.

In the same way, any set can be depicted by a graph. One
canonical way to build a graph is to start with the desired set
a and consider all of its “hereditary” members (members, mem-
bers of members, members of members of members, and so on) as

Figure 2
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nodes of a graph. Then draw an edge from any set to each of its
members. The resulting graph will depict the given set e (and in
this case, the nodes actually are the sets depicted). This construc-
tion allows us to build a canonical graph for any set whatsoever.
{And note that this does not presuppose that we are dealing with
sets under the cumulative conception. Under any conception, sets
give rise to graphs in this way.)

Exercise 7 Draw two graphs that represent the von Neumann
ordinal four. Make the first graph a tree (on the model of the first
graph in Figure 2), and make the second as economical as possible
{(on the model of the third graph in Figure 2).

Aczel’s conception of a set arises directly out of the intuition
that a set is a collection of things whose (hereditary) membership
relation can be depicted, unambiguously, by graphs of this sort.
The liberating element is that we allow arbitrary graphs, including
graphs that contain proper cycles. Of course graphs with cycles
cannot depict sets in the welifounded universe.?2 Thus, for example,
in Aczel’s universe there is a set @ = {Q}, simply because we can
picture the membership relation on {2 by means of the graph Gg
shown in Figure 4. Furthermore, on Aczel’s conception this graph
unambiguously depicts a set; that is, there is only one set with Gg
as its graph. Consequently, there is only one set in Aczel’s universe
equal to its own singleton.

2o see this, suppose we have a graph with a proper cycle. Take Y to be the
set containing all the sets depicted by nodes that occur in the cycle. It is
clear that no member of Y is disjoint from Y, thus violating the axiom of
foundation.
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Figure 4

To take another example, let’s consider the set ¢ = {a, b} where
a = {Claire, Max, b} and b = {Max, a}. The only difference
between this set and our set ¢y above, is that b is an element of
a, while by is not an element of ay (and could not be, according
to the cumulative conception). To get a graph of ¢, we can simply
modify a graph of ¢g, say the one given in Figure 3. Here, we need
only add an edge from the node that represents ag to the node that
represents by. The result, in Figure 5, is a graph of c.

The sets we get on Aczel’s conception include all those in the
traditional, wellfounded universe. But in addition to these, we get
a rich class of nonwellfounded sets, or as we will sometimes call
them, hypersets. As we’ll see, these sets behave in many respects
just like the ordinary, wellfounded variety. But they permit the use
of straightforward modeling techniques even when the phenomena
modeled involve circularity.
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AFA

Let’s flesh out Aczel’s idea in more detail and describe the ax-
iomatic theory explicitly. Actually, we will describe a variant of
Aczel's theory that allows a collection A of “atoms” like Max and
Claire, instead of just pure sets. This theory, then, will consist
of all the usual axioms of ZFC set theory (modified in the usual
way to admit atoms), except that the axiom of regularity is re-
placed by a strong form of its negation, called AFA, for (Aczel’s)
Anti-Foundation Axiom (with Atoms).

We said that on Aczel’s conception a set is any collection of
objects whose hereditary membership relation can be pictured by
a graph. More precisely, a graph G is a set of nodes and directed
edges, as usual. (Any set X can be a set of nodes, and any set
R C X x X of ordered pairs from X can be used to represent the
directed edges of a graph G. It is customary to write x — y to
indicate that the graph contains an edge pointing from node z to
node y.) If there is an edge x — y from node x to node y, then
y is said to be a child of z. A node with no arrow starting from
it is said to be childless. So, for example, in Figure 3 there are
two childless nodes and three “parent” nodes, that is, nodes with
children. In Figure 4, on the other hand, there is only one node,
and it is a child of itself.

A tagged graph is a graph in which each childless node = has
been “tagged” by an object tag(z), which is either an atom or the
empty set. Think of tagging as the process of simply writing the
name of an atom or the empty set next to each childless node to
indicate what it represents. More formally, a tagged graph is a
graph G together with a function tag mapping the childless nodes
of G into AU {@}. (Note that if G has no childless nodes, as with
Figure 4, then the totally undefined function suffices to tag the
graph.) Aczel’s basic idea is that once we have a tagged graph, we
can use the nodes and edges of the graph to picture sets and set
membership. To make this notion precise, we bring in the concept
of a decoration for a tagged graph.

A decoration for a tagged graph is a function D defined on the
nodes of the graph such that for each node z, if  has no children,
then D(z) = tag(x), whereas if z has children, then

D(z) = {D(y) | yisachildof z}.
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Each node z of G that has children is said to picture the set D(z).
Thus we can think of the process of decorating a graph as simply
continuing the process started by tagging the graph: we write next
to each parent node a name of the set it depicts. We have in fact
decorated all of the above graphs in just this way.

AFA can now be stated quite simply: it asserts that every
tagged graph has a unique decoration. It is clear that this ax-
iom conflicts with the Zermelo conception since, for example, the
graphs in Figures 4 and 5 cannot be decorated with sets from
the cumulative hierarchy. For example to decorate the graph in
Figure 4, D would have to assign to the single node some set that
contains itself. But there is no such set among the wellfounded sets.

There are two parts to AFA, existence and uniqueness. That
is, part of what AFA asserts is that every tagged graph has a dec-
oration. This guarantees the existence of all the sets we consider.
However, equally important in applications is the uniqueness half,
the assertion that no graph has more than one decoration. It is
this part of the axiom that gives us a useful handle on the identity
of nonwellfounded sets.

Consider, for example, the sets a = {Max,a} and b = {Max, b}.
Does a = b7 The usual axiom of extensionality is useless in an-
swering this question, for it asserts only that ¢ = b if @ and b
have the same members, which boils down to the assertion that
a = b if a = b. However, on Aczel’s conception, it turns out that
a is indeed equal to b since they are depicted by exactly the same
graphs. To see this in detail, suppose we have a tagged graph G
and a decoration D that assigns a to a node z of G, D(z) = a.
Consider the decoration D’ just like D except that D'(z) = b. A
second’s thought shows that D’ must also be a decoration for G.
But by the uniqueness part of AFA, we must have D = D’ and so
D(z) =D'(x); i.e., a=0b.

On Aczel’s conception, then, for two sets to be distinct there
must be a genuine structural difference between them, one that
prevents them from being depicted by the same tagged graph. This
will be important in what follows, since the identity conditions on
sets give rise to identity conditions on the various set-theoretic
models that we construct below.

It’s fairly easy to see which graphs can be decorated with
wellfounded sets. Say that a graph G is wellfounded if for each
nonempty subset Y of the nodes of G, some node in Y has no
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child in Y. Only wellfounded graphs can have decorations in the
Zermelo universe; indeed the claim that no nonwellfounded graph
can be decorated is just a reformulation of the axiom of founda-
tion. Further, Mostowski’s Collapsing Lemma?® tells us that every
wellfounded tagged graph has a unique decoration in the universe
of wellfounded sets. So we can think of Aczel’s axiom as extend-
ing this natural relationship between graphs and sets beyond the
wellfounded.

It should once again be noted that under either conception,
a set can in general be depicted by many different graphs. Fig-
ure 2 presented three different graphs of a wellfounded set, the von
Neumann ordinal three. Similarly, Figure 6 gives a few additional
graphs of the nonwellfounded set 2. In this case, to see that each
of these graphs depicts 2, we need only note that all the nodes
can be decorated with §2, and so by AFA must be, the decoration
being unique.

3See, for example, Kunen (1980), 105.
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While Aczel’s is quite a different conception from Zermelo’s, it
turns out that all the usual axioms of ZFC are true under this con-
ception, except, of course, the axiom of foundation. This means
that we can use all the familiar set-theoretic operations (intersec-
tion, union, power set, ordered pairs, and so forth) without any
change whatsoever. Only when the axiom of foundation enters (as
with inductive definitions, which we discuss in the last section of
this chapter) do we need to rethink things.

Let’s look at one more example, this time a bit more relevant
for our purposes. Counsider the English sentence

(¢) This proposition is not expressible in English using ten words

and the various propositions it can express. Let us use an atom F
to represent the property that holds of a proposition just in case
it is expressible in English using ten words. Suppose we were to
model the proposition that p has the property E with the triple
(E,p, 1}, and the proposition that p does not have E with the triple
(E,p,0).* Recall that in set theory triples (z,y, z) are taken to be
pairs of pairs (z, (y, z)), that an ordered pair (y, 2} is construed as
the set {{y}, {y,2}}, and that 0 is represented by the empty set.
Then we can see that a graph of our model of the proposition that
p does not have £ and a graph G, of p are related as in Figure 7.

Suppose we want to represent the (intuitively false) circular
proposition expressed by (€) when “this proposition” is given the
reflexive reading. This will be the proposition ¢ that claims, of
itself, that E does not hold. That is, we want ¢ = (E,q,0). By
what we have just said, it suffices to take the special case of Figure 7
where the graph G, is the whole graph. This is shown in Figure 8.
Thus, the proposition we are after is modeled by the set assigned
to the top node in Figure 8. There is exactly one such set in the
universe of hypersets.

Exercise 8 Label the unlabeled nodes of the graphs in Figures 7
and 8.

Exercise 9 Show that €2 is depicted by all the graphs in Figure 9.

4To keep the graph simple, we are suppressing the atom Prop introduced in
Chapter 2, page 28.
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Exercise 10 Using AFA, show that there is a unique set a satis-
fying the equation
a = {a, 0}.
Show that a # .

Exercise 11 Show that the graph shown in Figure 5 is nonwell-

founded. That is, find a nonempty set Y of nodes of the graph
such that every member of ¥ has a child in Y.

Exercise 12 Say that a graph is transitive if for each pair of edges
xz — y and y — 2 there is an edge x — z. Similarly, say that a
set a is transitive if ¢ € b € a implics ¢ € a. Show that a sct is
transitive if (but not only if) it is depicted by a transitive graph.
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The transitive closure of a set a i1s the smallest transitive set
containing a as a subset. Suppose that a node z of a graph pictures
the set a. Show that the transitive closure of a is the set of all
decorations of nodes appearing “below” z. (By “y is below z” we
here mean that there is a path of arrows from z to y.)

The consistency of ZFC/AFA

There were really-two sorts of set-theoretic paradoxes that threat-
ened early, intuitive set theory: paradoxes of size and paradoxes
like those engendered by the Russell set, the set z of all sets that
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are not members of themselves. The Zermelo conception killed
two birds with one stone. On the one hand, it gave us a way to
conceptualize classes that are never collected into sets, and, on the
other, it ruled out sets that are members of themselves. But as a
reaction to the paradoxes, this latter move was really unnecessary.
On Zermelo’s conception the Russell “set” is actually the universe
of all sets. And since this is a proper class, not a set at all, the
familiar reasoning that derives a contradiction from the definition
of z is blocked. But the set/class distinction is the key here, not
the banning of self-membership.

On Aczel’s conception, we still have the set/class distinction,
only now there is a proper clasgs of sets that do contain themselves,
as well as a proper class that do not. (See Exercise 14.) In both
cases there is no Russell set, only a Russell class. To obtain sets
using the Russellian definition, the comprehension schema does not
allow the earlier definition of z:

z={z|z ¢z}
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but rather requires that we introduce a parametric version of the
definition:

zZo={z €al|x ¢z}

What the Russell argument now shows is just that z, can never be
in the set a, whether or not a is wellfounded. The set z, is said to
“diagonalize out” of the set a.

Since we are working in the realm of the paradoxes, both set-
theoretic and semantic, it is obviously important to be sure that
our metatheory, ZFC/AFA, is consistent. Aczel has shown that it
is.> Indeed, he has shown more. Working in ZFC~ (ZFC with-
out the axiom of foundation), Aczel shows how to canonically
embed the universe of wellfounded sets into a universe satisfying
ZFC/AFA, what we have been calling the universe of hypersets.
We call this result the Embedding Theorem. Since the construction
yields a model of ZFC/AFA, it shows that the theory is consistent,
assuming of course that ZFC is. But it also shows that we can think
of the universe of hypersets as a mathematical enrichment of the
universe of wellfounded sets. Thus we can depict the relationship
between the two as in Figure 10.

The situation here is entirely analogous to any number of sim-
ilar cases in mathematics. For example, consider the relation be-
tween the real numbers and the complex numbers. The familiar
model of the complex numbers as equivalence classes of pairs of
reals yields a consistency proof of the theory of complex numbers

5See Aczel (1987).
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relative to the theory of real numbers. But it also does something
more: it shows us that the complex numbers can be thought of as
an expansion of the reals.

The proof of the Embedding Theorem, while a bit tricky in
detail, is simple enough to describe. First Aczel isolates an equiv-
alence relation =4 on graphs which holds between two graphs just
in case they represent the same set. For example, all the graphs
in Figure 2 are =4, as are the four graphs from Figures 4 and 6.
This allows each set in Aczel’s universe to be represented by an
equivalence class of graphs from the wellfounded universe. There
is a slight hitch, though, since each set is actually depicted by a
proper class of graphs, and to carry out the proof in ZFC™ one
has to work with sets. To do this Aczel borrows a trick of Dana
Scott’s, and represents each set b by the set G} of those graphs
of minimal rank in the cumulative hierarchy that depict it. Since
every graph is, by the axiom of choice, isomorphic to a graph on
some set of ordinals, G}, will always be nonempty.% Then, using the
class of sets of the form Gy /=4, Aczel is able to show (1) that all
the axioms of ZFC/AFA are true (using the natural interpretation
of membership), and (2) that every wellfounded set is uniquely
represented in the resulting model.

Aczel’s proof shows that there is a sense in which AFA does not
give rise to any new mathematical structures. One could always
replace talk of the nonwellfounded sets in the AFA universe with
talk of the structures Gp/ =4, just as one could replace talk of
complex numbers with talk of equivalence classes of pairs of real
numbers, or replace talk of real numbers with talk of equivalence
classes of Cauchy sequences of rationals. You could do any of
these in principle, but it would be completely impractical, and
ultimately misguided. As mathematical objects, the complexes are
as legitimate as the reals, and the AFA universe is as legitimate
as the universe of wellfounded sets. The fact that we can model
one with the other does not make the latter more basic or more
legitimate than the former.

Exercise 13 Recall the definition of the parametric Russell set
z, given above. What is 2q? Let ¢ be the nonwellfounded set

SNotice that this observation also shows that we get the same AFA universe
whether our graphs are drawn from the wellfounded universe or from the
full AFA universe.
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depicted in Figure 5, page 38. What is 2,7 Let @ be the set
defined in Exercise 10, page 43. What is 2,7

Exercise 14 Show that for any set a, there is a set b = {a,b}.
Show that distinct sets a thereby give rise to distinct sets b. Con-
clude that there is a proper class of sets which are members of
themselves.

Solving equations

In addition to standard set-theoretic facts from ZFC, there is one
simple consequence of AFA that we will use over and over in what
follows, a result that allows us to assert that various sets exist
without first depicting them with graphs.

Consider an “indeterminate” x and the equation

x = {x}.

This equation has a solution” in the universe of hypersets, namely
Q. Furthermore, since any solution to this equation would be de-
picted by the graph Ggq, this equation has a unique solution in the
universe.

Similarly, consider the following three equations in the indeter-
minates x, y, and z.

x = {Claire, Max,y}

y = {Max, x}

z = {x,y}
AFA tells us that these equations have a unique solution in the hy-
peruniverse, the sets x = a,y = b, and z = ¢ pictured in Figure 5,

page 38.
Aczel has a general result which allows us to find, for any system
of equations in indeterminates x,y, 2, ..., say,

x = a(x,y,...)
y =b(x,y,...)

"We use the term “solution” in exactly the same way as it’s used in algebra.
Below we will represent a solution to a system of equations as a function
that assigns objects to each indeterminate and satisfies all the equations in
the system.
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a unique solution in the universe of hypersets. This result, which
we call the “Solution Lemma,” is used repeatedly throughout the
book. The remainder of this section (to page 51) is devoted to a
precise formulation of this lemma, and can be skipped by anyone
who finds the formulation just given precise enough.

Given a collection A of atoms, let us write V4 for the hyper-
universe of all sets with atoms from 4, assuming ZFC/AFA, of
course. Given some larger collection A" 2 A of atoms, we may
also consider the hyperuniverse V4 of all sets with atoms from .4’
Since the sets in V4 are those depicted by arbitrary graphs with
tags chosen from A, and likewise for V4 and A’, it is clear that
Va4 C Var. (See Figure 11.)

Let us write X = A’ — A and call the elements x € X indetermi-
nates over V4. Think of these indeterminates as unknowns ranging
over the hyperuniverse V4. By analogy with ring theory, we write
Va = V4[X]. Then given any set a € V4[X], we can construe it
as a “term” in the indeterminates that occur in its transitive clo-
sure, that is, the indeterminates in a U ({Ja)U (U Ja).... By an
equation tn X we mean an “expression” of the form

X =a
where x € X and a € V4[X] — X. By a system of equations in X

we mean a family of equations { x = ax | x € X}, exactly one
equation for each indeterminate x € X.
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In the first of the examples above, we considered ¥ = {x} and
the system of equations was simply the single equation

x = {x}.
In the second example, we had X = {x,y,z} and the following
three equations.

x = {Claire, Max, y}

y = {Max, x}

z={xy}
In both of these examples, the sets on the right-hand side of the
equations are actually wellfounded, but we could also consider
equations like

X = <Qa x)
where the nonwellfounded set (£2, x) occurs on the right-hand side.
We next define what we mean by a solution to a family of

equations, in the natural way. By an assignment for X in V4 we
mean a function f : X — V4 which assigns an element f(x) of V4
to each indeterminate x € X. Any such assignment f extends in
a natural way to a function f : V4[X] — V4. Intuitively, given
some a € V4[X] one simply replaces each x € X by its value f(x).
(To make this rigorous, one has to work with a canonical graph
depicting a, replacing any childless nodes tagged by an indeter-
minate x € X with a graph depicting the set f(x).) Rather than
write f(a), we write a[f], or even more informally, a(x,y, ...) and

a(f(x), f(¥)s-- )

An assignment f is a solution of an equation x = a(x,y,...) if

Fx) = a(f(x), f(¥)s--)-

More generally, f is a solution of a system of equations in X if it
is a solution of each equation in the system.

Theorem 1 (Solution Lemma) Every system of equations in a col-
lection X of indeterminates over V4 has a unique solution.

This lemma is illustrated in Figure 12. Again, we stress that the
lemma has two aspects, existence and uniqueness, both of which
are crucial to what follows. The proof, while not difficult, is some-
what tedious, largely for notational reasons. It can be found in
Aczel (1987). The following example, though, will illustrate the
main idea.
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Example 1 Let X = {x,y} consist of two indeterminates and
consider the following equations.

x = {Q, {x}}

y = {Max,x,y}

The sets on the right-hand side of the equations are depicted in
Figure 13. To depict the solutions to the equations, we simply alter
these graphs by replacing all edges terminating in a node tagged
with x by an edge terminating in the top node of Gx, and similarly
for y and Gy. This gives us the graphs in Figure 14.

By AFA, these graphs have unique decorations, and the sets
assigned to the top nodes are solutions of our equations. Further-

/N

Figure 13
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A RRVA

Figure 14

more, any solutions of the equations would give rise to a decoration
of these graphs, so there is only one solution.

Exercise 15 Show that in the above example, the unique solution
is just the assignment f(x) = Q and f(y) = a, where a is the set
depicted in Figure 15.

Exercise 16 Construct a graph depicting the set f(x) where f is
the solution of the following system of equations.

Max

Figure 15
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x = {Claire, y}
y = {Claire, z}
z = {Max, x}

Show that f(x) # f{y). In contrast, show that if the third equation
had been
z = {Claire, x}

we would have f(x) = f(y) = f(z).

Exercise 17 Working in ZFC~ (i.e., without AFA or the axiom
of foundation), show that the Solution Lemma implies AFA. Thus,
in the presence of the other axioms, the Solution Lemma, is really
a restatement of AFA.

Inductive and coinductive definitions

One final matter before we apply ZFC/AFA to model circular
propositions. In set theory, a frequent technique for defining a
set or class is to take the desired class to be the unique fixed point
of some “monotone operator.”® But when we work with ZFC/AFA,
it often happens that there is no longer a unique fixed point,
but rather many. For reasons closely connected with the Solution
Lemma, it is usually the largest fixed point that is needed.

Let’s look at a very simple example. Assume for simplicity that
our collection .4 of atoms is finite, and consider the operator I" that
assigns to each set X the set T'(X) of all its finite subsets. Then
if our set theory incorporates the axiom of foundation, there is a
unique fixed point for this operator, the set HF of all hereditarily
finite sets. That is, if we assume foundation, then HF is the unique
set such that I'(X) = X. However, in the hyperuniverse of sets,
there will be many distinct fixed points, a smallest, a largest, and
others in between.

The smallest fixed point HFy can be characterized as the small-
est set satisfying the condition:

e If a C HFy U A and a is finite, then a € HF .

The above is called an inductive definition of HF 3. By contrast,
the largest fixed point HF; can be characterized as the largest set
satisfying the converse condition:

8An operator T is monotone if X C Y implies T(X) C T'(Y). X is a fized
pointfor ' if I'(X) = X.
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e If o € HFy, then a C HF 1 U A and a is finite.

This is called a coinductive definition of HF{. It is obvious from
these definitions that HF g C HF;. But in the hyperuniverse, the
converse does not hold.

Exercise 18 Prove that every member of HFj is wellfounded. In
particular, 2 & HF.

Exercise 19 Prove that Q € HF;.

Since it seems that {2 should certainly count as a hereditarily
finite set, this suggests that the coinductive definition will be the
more natural one to use when working with hypersets. And indeed
it is. HF'; is just the set of those sets which can be pictured by
at least one finitely branching graph. It will contain Q and all the
other examples we have given.

This is a typical phenomenon in working with hypersets. A
pair of inductive and coinductive definitions which characterize
the same set or class in the universe of wellfounded sets often yield
distinct collections in the universe of hypersets. The smallest fixed
point, specified by the inductive definition, usually consists of the
wellfounded members of the largest fixed point, specified by the
coinductive definition. It is usually the latter that is needed in
applications.

Aczel has a theorem, the Special Final Coalgebra Theorem,
which explains why coinductive definitions are so important. While
the formulation of this theorem is too technical to present in detail
here, we can explain the basic idea. We begin with a couple of
examples to illustrate the main feature of the result.

In ZFC/AFA the Solution Lemma frequently takes the place of
the Recursion Theorem of ZFC, the theorem which lets one define
some operation by €-recursion. To do this same sort of thing in
ZFC/AFA, you show that some operation F on sets is well-defined
by obtaining it as the solution to a system of equations. But then
you want to know that certain properties of the equations carry
over to their solutions. As long as these properties are defined by
coinductive definitions, this usually works out. For example, we
have the following.®

9We number theorems, propositions, and lemmas with a single numbering
scheme, restarting the numbers in each of the three parts of the book.
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Proposition 2 Suppose that £ is a finite system of equations of
the form

x =ax(x,y,...)
where each ax i1s in HF 1. If f is the unique solution to this system,
then for each indeterminate x, f(x) € HF .

Proof: The basic idea is that if you eliminate the indeterminates
from a finite set of finitary equations, in the way suggested by the
proof of the Solution Lemima, you end up with a finite graph, which
must then depict a set in HF'y. To do this in detail, first note that
by introducing more indeterminates, we can assume each equation
is of one of the following simple forms:

e X = @7
e x = a (for some atom a € A),

o x ={yi,...,¥n}, where the y; are other indeterminates with
their own equations in the systemn.

Let f be the solution. Since it is obvious that HF1 U rng(f)
still satisfies the defining equation of HF'y, rng(f) C HF1, as de-
sired. O

Exercise 20 Use the above proposition to show that the unique
set o = (a,a) is in HF,.

Exercise 21 Assume the axiom of foundation, and show that
HFo = HF;. (Hint: Prove by induction on the rank of the well-
founded set a that if @ € HF'y then a € HF.)

To give a second illustration of the basic notion, let’s use hyper-
sets to provide a model of what are called “streams” in computer
science. The basic idea is that a stream is a possibly infinite se-
quence of elements. But rather than think of streams as functions
from natural numbers to elements, the computer scientist thinks
of them as ordered pairs, the first element of which is an atom, the
second a stream. So for example, the following would be a stream.

(Max, (Claire, (Max, (Claire, . ..))})

To provide an interesting illustration of the Special Final Coal-
gebra Theorem, let’s model not just streams but arbitrary nested
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sequences. Given some set A atoms, let A, be defined inductively
as the smallest set containing A and closed under the rule: if
z,y € Ay then (z,y) € A.. Similarly, let A* be defined coinduc-
tively as the largest set every member of which is either a member
of A, or else of the form (z,y), where z,y € A*. We will call the
members of A* nested sequences on A, and the members of A, the
finite nested sequences on A.

Exercise 22 1. Show that the axiom of foundation implies that
A, = A*.
2. Show that AFA implies that A. is a proper subset of A*.
Then, show in particular that there is a nested sequence
(1,(2,(3,...))) on the set of natural numbers.

3. Show that the unique solution to the following equations
yields elements of A* — A.. Give an intuitive description
of those elements.

x = (Max,y)
y = {Claire, x)

To illustrate the Special Final Coalgebra Theorem once more,
we present an analogue of Proposition 2 for nested sequences. Let X
be a collection of indeterminates, and consider the class of nested
sequences on A U X. That is, we allow elements of X as well as
elements of A as basis elements in the definition. Thinking of these
indeterminates as parameters, we call the nested sequences on AUX
parametric nested sequences on A. The Special Final Coalgebra
Theorem shows that if we use parametric nested sequences in the
Solution Lemma, then the resulting solutions are themselves nested
sequences.

Proposition 3 Suppose £ is a system of equations of the form
x =ax(x,y,...)

for x € X, where each ax is a parametric nested sequence on A.
Let F' be the unique solution of this set of equations. Then for
each z € X, F(x) is a nested sequence on A.

Exercise 23 Prove Proposition 3.

The general case of Aczel’s Special Final Coalgebra Theorem
goes roughly as follows. Suppose we are given some monotone
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operator I'. We can use I' to define a largest fixed point in the uni-
verse V4. Call this collection the collection of I'-objects. However,
we can also use I' to define the largest fixed point in the universe
Va[X], where we adjoin indeterminates. Call this the collection
of parametric I'-objects. Aczel’s Theorem shows that under very
general conditions on T, equations involving parametric I'-objects
have T'-objects as their unique solutions. While the general formu-
lation of Aczel’s result is somewhat complicated, the proof of this
consequence in any particular case is quite straightforward. We
will not use the general theorem, though we will have occasion to
prove special cases of it in what follows.

A final remark on Aczel's terminology, just for the curious.
From the point of view of category theory, a system of equations is
dual to the notion of an algebra, and hence is called a coalgebra.
Final coalgebras are final in the sense of category theory, and exist
under very general conditions. AFA shows that these can often be
taken to be largest fixed points of monotone operators.

Exercise 24 Consider the smallest class B, containing Max as
an element and closed under the rule: if z € B, then {z} € B..
Similarly, define the largest class B° satisfying: if z € B, then z
is Max or z = {y} for some y € B.

1. Show that the axiom of foundation implies that B, = B°.
2. Show that 2 € B°.

3. Formulate and prove a version of the Special Final Coalgebra
Theorem for B°.

Exercise 25 Inductive definitions are used to define classes as well
as sets. For example, the class of (wellfounded) ordinals can be
defined inductively as the smallest class ON such that

1. § € ON,

2. if @ € ON then a U {a} € ON, and

3. if a C ON then (| Ja) € ON.
Give a corresponding coinductive definition of a largest fixed point
ON™ and show that © € ON™. Thus one might consider the set {2

a hyperordinal. However, this is a good example of a case where
one would want to use the inductive definition, since the point of
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defining the ordinals is as representatives of well-orderings. Hy-
perordinals like 2 are of no use for such purposes. Formulate and
prove a version of the Special Final Coalgebra Theorem for hyper-
ordinals.

Historical Remark: The history of AFA, and other work on non-
wellfounded sets, is far more complicated than we have suggested.
In particular, the axiom AFA was studied independently, and ear-
lier, by Forti and Honsell, who called it axiom X;. Other axioms
have been proposed by Finsler, Scott, and Boffa, among others.
Also, the proof of consistency of ZFC/AFA is not original with
Aczel, but goes back to Forti and Honsell, Gordeev, and others.
The reader is invited to consult Aczel (1987) for the history of
this work. We have presented it in the way we have since, to our
knowledge, Aczel was the first to see that AFA could be obtained
from a coherent, intuitive conception of set, rather than just be-
ing a formally consistent axiom, and to demonstrate that it is an
important mathematical tool for the modeling of various kinds of
real-world circularity, not just a mathematical curiosity.

The introduction of a new sort of mathematical object has al-
ways met with considerable resistance, including such now mun-
dane objects as zero, the negative numbers, the irrationals, the
imaginary numbers and infinitesimals. We realize that some set
theorists feel a similar reluctance to admit hypersets as legitimate
mathematical objects. While this reluctance is perhaps under-
standable, it is also somewhat ironic. After all, many set theorists
prior to Zermelo were working with a conception which admit-
ted circularity, as is apparent from the formulation of Russell’s
paradox. Furthermore, the axiom of foundation has played almost
no role in mathematics outside of set theory itself. We must ad-
mit, though, that we initially shared this reluctance, having been
raised within the Zermelo tradition. But our own experience has
convinced us that those who take the trouble to master the tech-
niques provided by AFA will quickly feel at home in the universe
of hypersets, and find important and interesting applications.
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4

Modeling Russellian Propositions

Basic definitions

In this chapter we begin modeling the Russellian conception of a
proposition and of the way sentences express propositions; in the
next chapter we will turn to the accompanying conception of truth
and the relation between propositions and the world they describe.
Our approach to modeling Russellian propositions is the simplest
one possible. At the atomic level, such propositions assert of one
or more objects that they stand in some relation or other. To
represent these atomic claims, we use complex set-theoretic objects
built out of Max, Claire, the 52 cards, and three additional atoms,
H, Bel, Tr, representing the relations of having, believing, and the
property of truth. Among the things a proposition p can be about,
though, are propositions, including the very proposition p itself.
This fact will be captured in our definition.

To carry this out, we begin by defining a class PrePROP that
properly contains the propositions we’re actually interested in. We
will single out a class PROP below, after motivating an additional
restriction on propositions. Our definition takes the form of a
coinductive definition.

Definition 1 Let PrePROP be the largest class such that if p €
PrePROP then p is of one of the following forms:

1. [a H c] or [a H c], where a is Claire or Max, ¢ is a card; or
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2. [a Bel p] or [a Bel p] where a is Claire or Max and p €
PrePROP; or

3. [Tr p] or [Tr p], where p € PrePROP; or
4. [\ X] or | X], where X is a subset of PrePROP.

The propositions in (1), (2), and (3) are called atoric, and the pairs
are said to be negations of one another. We define negations of re-
maining propositions by taking [A X] = [V{P|p € X}], [V X] =

IN{P|pe X}], and p = p. We write [Fa p] as short for [Tr p].

A few things should be said about Definition 1, some trivial
and some significant. On the trivial side, note that we are simply
assuming some technique for systematically representing distinct
objects by distinct sets. We are not concerned with exactly how
elements of PrePROP are distinguished from elements of other
classes that we will introduce below, except that they should be so
distinguished. We mentioned one possibility in Chapter 2. Anyone
familiar with the use of ZFC set theory as a framework for devel-
oping model theory will be used to these sorts of assumptions. Our
notation is designed to reflect the fact that different sorts of ob-
jects are represented in different ways. Thus, we use [a H ¢| for
that set-theoretic object which represents the proposition that a
has ¢, a proposition completely determined by the player a, the
relation having, and the card ¢. Exactly how these are represented
by sets doesn’t really matter, and burdening our definitions with
the inessential detail would just obscure matters. We will assume
as a general feature of our coding, though, that the objects re-
ferred to in naming the set-theoretic representative are members
of its transitive closure.! Thus we assume that @ is in the transitive
closure of [a H ¢].

The second point is more important. We have given a coinduc-
tive definition of PrePROP, taking it to be the largest collection
satisfying the various clauses. It may take a moment’s thought
to see that there is such a unique largest class. But there is, and
the fact that there is follows easily from the general considerations
discussed in Chapter 3. On a more intuitive level, though, the way
to understand the above definition is to note that every object
that can be included in the class zs so included. Instead of work-
ing from the bottom up, asking which objects are forced into the

1For a definition of transitive closurc, see Exercise 12, page 43.
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defined class, we work from the top down, asking which objects
are legitimately ezcluded. This feature guarantees that circular
members of PrePROP are not excluded.

The third point has to do with our allowing arbitrary infinite
conjunctions and disjunctions to count as propositions. There is
a sense in which this introduces a gratuitous generality, since our
sample language £ has no devices for expressing these propositions.
We could well restrict ourselves to finite combinations, or combi-
nations of sets of size smaller than some fixed regular cardinal «.
Such a restriction would simplify things a bit, since we wouldn’t
then have a proper class of propositions to cope with, and as a re-
sult, the models of the world defined in the next chapter would also
be sets rather than classes. Other than that, nothing whatsoever
would change, and those who are squeamish about classes might be
more comfortable assuming this modification. We haven’t taken
this course for two reasons: first, cardinality restrictions really have
nothing to do with what we are up to, and second, we feel that
by allowing arbitrary infinite combinations, it is clearer that the
account extends to a language that allows quantification.?

The final point has to do with our definition of the negation
of a proposition. If we had built PrePROP up from below, by
a standard inductive characterization, then the definition of the
operation that takes propositions to their negations would follow
this recursion, and the usual considerations would show it to be
well defined. But since PrePROP contains nonwellfounded objects
(see the examples below), this method is not available. So how do
we know that this operation is well defined? The answer lies in the
Solution Lemma, our replacement for €-recursion.

We will treat this first use of the Solution Lemma in some
detail, since it is a method that will be quite important in this
book. There is no problem about negating atomic propositions,
since their negations are explicitly introduced in (1)—(3) of Defini-
tion 1. The problem has to do with A and /.

2 Although the use of infinitary conjunction and disjunction suggests a natural
and rather standard extension to a quantified language, we would in fact
not favor the suggested extension. Once one admits properties and facts
into the semantics, the most natural treatment of quantified claims is as
descriptions of a separate kind of “higher order” fact. See Barwise and
Perry (1983), 146. Without some such treatment, many of the theorems
in this book could not themselves be expressed in the language, especially
those in Part III that quantify over all situations.
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Lemma 1 There is a unique operation — which assigns to each p €
PrePROP an element p € PrePROP which satisfies the following
conditions.

1. Ifp is atomic, then D is its negation.

2. [ANX]=[V{plpeX}]

3. VX]=[A{Plpe X}

Proof: The basic idea will be to generate a system of equations
from conditions (1)-(3), and then apply the Solution Lemma. To
do this, introduce an indeterminate x, for each p € PrePROP, and
consider the system of equations:

Xp = P, if p is an atomic proposition
x, = [V{ %, | ¢ € X}], if p = [\ X] € PrePROP
xp = [A{ x4 | g € X}], if p=[V X] € PrePROP.

By the Solution Lemma, there is a unique solution F' to this
family of equations. The set assigned to x, by F' is the desired
negation p. We need to make sure that p € PrePROP, but this
follows from the maximality of PrePROP. That is, the collection
PrePROP U { P | p € PrePROP } satisfies the defining conditions,
and so is just PrePROP. Thus the operation is defined by

p=F(xp). O

Let’s now consider a few examples of propositions in the class
PrePROP. Note that, except for the first example, all of these
would have been excluded had we used a standard inductive defi-
nition rather than the coinductive definition.

Example 1 The PrePROP [Claire H 3&] will be construed as
the proposition that Claire has the three of clubs; its negation,
[Claire H 3&)], will be the proposition that she does not.

Example 2 (Russellian Liar) There is a unique member of Pre-
PROP satisfying the equation

f=[Fa f].

To see that this is the case, note that AFA guarantees a set with
this structure, and if we “add” it to PrePROP, the resulting col-
lection still satisfies the defining clauses. So f € PrePROP, by
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maximality. This proposition is directly about itself, and says of
itself that it is false. We will call it the Russellian Liar. Note that
since f = [Fa f], we also have, by substitution, f = [Fa [Fa f]],
and so on.

Example 3 We also have a Truth-teller proposition satisfying the
equation

t=[Trt].

Note that the Truth-teller is not the negation of the Liar. The
negation of the Liar is the proposition [Tr f] that claims the Liar
is true.

Example 4 There are arbitrarily long Liar cycles, p1,...,pn,q,
where each proposition claims that the next one is true, except for
¢, which claims that p; is false:

p1 = [Tr pa]
Pn = [TT (I]
q = [Fa p1].

Example 5 There is a unique proposition p satisfying
p = [Max Bel p] A [Fa p].3

This proposition also seems Liar-like in character. It will be true
only if Max has a belief that that very belief is false.

Example 6 There is a unique (pre-)proposition :
p=l[aH 3 Vp

and its negation ¢ = p, the unique proposition satisfying:
q=1[a H3& Aq.

1f we were to define truth for pre-propositions in one natural way, it
would turn out that if a did not have the three of clubs, then both

3Note that we are using the obvious abbreviation for the conjunction:

/\{[de Bel p|, [Fa pl}.
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of these propositions would be true.* For an even more bizarre
example of such pre-propositions, consider:

p=I[pAp]

and its negation:
q=1[qVdl.

It is really atomic propositions that make basic claims about the
world, even if they are atomic propositions involving propositions
(which may involve circularity, of course, as in the case of the Liar).
The reason for this is pretty clear. To make a basic claim about
something, we must assert that that thing has a property or stands
in a relation to some other thing, and properties and relations only
come in at the level of atomic propositions. These last examples
show that there is a problem with our definition of PrePROP in
that it allows cycles and other descending sequences of propositions
which never get around to making a substantive claim, which never
“pass through” an atomic proposition. The next definition allows
us to throw out these nonsubstantive propositions.

Definition 2

1. A set X C PrePROP is nonsubstantive if X contains no
atomic propositions and every member of X has an immedi-
ate constituent that is also a member of X.

4To see this, the reader might want to reflect back on these examples after
considering the definition of truth in the next chapter. The situation is
quite different with the superficially similar proposition:

¥ = [o H 3]V [Tr 7'
and its negation ¢’ given by:
¢ = [0 H 3&] A [Fap'].

No set of facts would make both of these true on any reasonable definition
of truth.

It is significant that both p’ and ¢’ are expressible in English, while the
propositions given in Example 6 are not. The reason for this is that English
provides us with no sentential analogue of “this proposition,” no expression
which behaves grammatically like a sentence but which expresses exactly
the proposition expressed by the entire sentence in which it is a constituent.
To our knowledge, no natural language contains such an expression, and
apparently for good reason.
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2. A proposition p is nonsubstantive if it is a member of some
nonsubstantive set of propositions. Otherwise p is substan-
hive.

3. The class PROP is the largest subclass of PrePROP such
that if p € PROP, then p is substantive and every immediate
constituent of p in PrePROP is in PROP.

We will call the members of PROP Russellian propositions.
There is an obvious analogy between the restriction we’ve built into
the above definition and the axiom of foundation. But it should
be emphasized that we have not excluded circular propositions
from the class PROP. Indeed, all of the propositions discussed in
Examples 1 through 5 remain, though those in Example 6 do not.

At this point, a word is in order about the identity conditions
of Russellian propositions, as we’ve modeled them. Whenever one
uses sets to model something else, the identity conditions on sets
impose identity conditions on the models, and so, indirectly, on ob-
jects modeled. As we’ve seen, AFA gives us identity conditions on
sets by telling us that two distinct sets can never decorate a single
graph. This has ramifications concerning the adequacy of our mod-
els of propositions. In order for (pretheoretic) propositions to be
modeled by distinct sets, there must be some difference that comes
to be reflected in a structural difference in the sets that model
them. So, for example, the negation of the Liar, [Tr f], is distinct
from the Truth-teller, [ Tr ¢], since the former is a proposition with
the Liar as a constituent, while the latter has the Truth-teller as a
constituent, and these are structurally distinguishable. However,
the proposition [Fa f] is the same proposition as [Fa [Fa f]], since
f =[Fa f], and so both are just the Liar f.

Propositions as modeled here are far finer-grained than when
modeled as sets of possible worlds. Besides admitting circularity,
they permit us to distinguish the following propositions, for exam-
ple.

[Max H 3&)|
[Max H 3&] A [[Claire H 3¢] Vv [Claire H 3$]]
Still, there is an issue as to whether the identity conditions imposed
by our model are still too coarse-grained, forcing us to identify

intuitively distinct propositions. This is an issue we will return to
in Chapter 6.
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Exercise 26 Using equations in the indeterminates p and q, spec-
ify the negation f of the Liar proposition f. Contrast this with
the single equation in the indeterminate p whose solution is the
Truth-teller.

Exercise 27 Show that if p € PROP, then its negation 7 is also
in PROP.

Exercise 28 In this exercise we will give a characterization of the
class PROP that does not detour through the class PrePROP.
First define the propositional closure I'(X) of X to be the small-
est collection containing X and closed under the above infinitary
conjunction and disjunction operations. Then define the collection
AtPROP of atomic propositions to be the largest class such that if
p € AtPROP, then p is of one of the following forms:

1. [a H c] or [a H c|, where a is Claire or Max, c is a card; or

2. [a Bel q] or [a Bel q] where a is Claire or Max and ¢ €
I'(AtPROP); or

3. [Tr q) or [Tr ¢, where g € T(AtPROP).
Show that PROP = I'(AtPROP).

A Russellian semantics for £

We will now show how Russellian propositions, including circu-
lar propositions, can be the semantic values of the (wellfounded)
sentences of our language £. The basic intuition we must cap-
ture is this: given any semntence ¢(this, that;,... that,), and
any assignment g¢i,...,¢, of propositions to the demonstratives
that;, ... ,that,, one can use ¢ to express a proposition p while
simultaneously using the demonstrative this to refer to that very
same proposition.

To avoid bogging down in side issues, let’s temporarily restrict
our attention to the case of a formula ¢(this), where this may
occur in ¢ but where ¢ does not contain any of the other demon-
stratives that;. Now imagine that we could go around pointing
at propositions and using this to refer to them. Then, intuitively,
Just what proposition p is expressed by our use of ¢(this) will be
a function F, of the proposition g that we refer to:
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D= F<p(‘1)-

What we want, to capture the reflexive use of this, is the proposi-
tion p that is the fixed point of this equation:

p= Fw(P)-

This suggests that we use the Solution Lemma. To invoke the
lemma in our semantics, we will represent the function Fy, as a set
g(p) which is just like a proposition except that it has an inde-
terminate p standing in place of a proposition. We will call such
things parametric propositions, or sometimes, following Russell,
propositional functions.

With this for motivation, let’s go back to the general case.
Introduce special propositional indeterminates p,q;,qz,... corre-
sponding to the demonstratives this, that,, thats, and so forth.
Next, generalize the definition of the class PROP of propositions
to the class ParPROP of parametric propositions, by allowing ad-
ditional atomic propositions of the following forms, where z is one
of the indeterminates.

[a Bel z] |a Bel z]
[Trz] [Trz]

We will leave the details of this simple extension to the reader, but
for those familiar with the procedure, we note the analogy with
forming a ring of polynomials in given indeterminates.

Our semantics for £ will now proceed in two stages. First we
define a function Val that assigns a parametric proposition to each
formula ¢ of £. In general, Val(¢) will contain the parameters p
and, for each that; occurring in ¢, q;. If ¢ is a sentence, though,
Val(p) will only contain the parameters g;, and the proposition
expressed by ¢ will be determined by a context c that fixes the
referents of the demonstratives that; occurring in ¢. Since this
is the only role contexts play in the Russellian account, it will
suffice to model them with functions that assign propositions to
the that,. Thus the second step will be to define a function Ezp
which gives us, for any sentence ¢ and context ¢, the proposition
Ezp(p, c) expressed by ¢ in c.

Definition 3 We define the function Val which assigns to each
formula (this, thati, ... ,that,) a parametric proposition Val(y)
in the indeterminates p,qy, ..., dn, as follows:
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Val(a Has ¢) = [a H (]

Val(a Believes that;) = [a Bel q;]

Val(a Believes this) = [a Bel p]

Val(a Believes ¢) = [a Bel Val(p)]

Val(True that;) = [Tr q;]
Val(True this) = [Tr p]

Val(True ¢) = [Tr Val(p)]

(¢

¢1 A p2) = [A{Val(p1), Val(p2)}
Val(pr V p2) = [V{ Val(p1), Val(p2)}]

9. Val(—¢) = Val(p)
10. Val(ly) = the unique solution p € ParPROP to the equation

® NS o W

—

p = Val(p)(p,qy,---)-

Lemma 2 Val(yp) is a parametric proposition in the parameters
q;, where that, occurs in ¢, and the additional parameter p if
this s loose in ¢.

Proof: This is a routine induction on formulas. Only clause (10)
is of any interest, and it follows directly from the Solution
Lemma. O

Let’s return for a moment to the special case p(this) consid-
ered above. Since ¢ does not contain any of the demonstratives
that,, the preceding lemma tells us that the parametric proposi-
tion g(p) = Val(y) has at most a single parameter, p. What’s
more, if we use the Solution Lemma to obtain the unique solution
p = g(p), as we would to find Val(|y), we are guaranteed, by the
maximality of PROP, that p is a proposition. Indeed, it follows
quite generally from the above that if ¢ is a sentence, and hence
contains no loose occurrences of this, then Val{y) is a proposition.
We call this the proposition expressed by the sentence ¢, denoted
Ezp(p).

To deal with the general case, where we have sentences con-
taining some that;’s, we define a Russellian context for a sentence
p(thatq, ... that,) to be a function ¢ defined on all the proposi-
tional demonstratives thaty,... that, of ¢, and taking proposi-
tions qi,...,q, as values. Such a context ¢ gives us a natural as-
signment to the propositional indeterminates qy, . .. ,q, of Val(y).
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Thus, we can define the proposition expressed by sentence ¢ in
context ¢, Ezp(yp,c), to be the proposition:

Val(p)(q1,--,qn)-

This is just the proposition that results from replacing each inde-
terminate q; with the corresponding proposition g¢; determined by
the context.

Example 7 The Liar sentence of £ is the following sentence \.°
(\) —True(this)

According to the above definition, this sentence expresses the
unique proposition p = [Fa p]. But this is just the Liar propo-
sition f presented in Example 2, page 64.

The above definition gives us what we want in the case of a
proposition expressed by a single sentence in isolation, but some of
the examples we discussed in Chapter 1 involved multiple sentences
referring to the propositions expressed by each other in various
ways. The remainder of this section will be devoted to extending
our semantics to handle cases of this sort, and could be skipped on
a first reading.

To establish the connection between sequences of statements
and sequences of propositions about each other, we modify the
semantics as follows. We will model examples involving multiple
sentences with sequences ¢, ..., @, of sentences, and alter the se-
mantics so that the demonstrative that; refers automatically to
the proposition expressed by ¢;, for ¢ < n. For other demonstra-
tives (that; for ¢ > n), though, we still carry along a context.
Thus, by a context ¢ for a sequence ¢4, . .., @, of sentences, we will
mean an assignment that is defined on all propositional demon-
stratives appearing in the sequence except for the demonstratives
this, that,,... that,. Given such a context ¢ and propositions
q1,- .« qn, we write (g1, ..., qn,c) for the extension of ¢ that assigns
¢; to that,. Thus (qi1,...,qn,c) will be a context (in the earlier
sense) for each of the single sentences ¢;.

5Recall our convention of dropping the initial occurrence of |.
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Theorem 3 Given any sequence ¢1,...,¢, of sentences and a
context ¢ for the sequence, there is a unique sequence qi,...,qn of
propositions such that, for each i <n,

Ezp((pi’ (qla <o aqnvc)) = g;-

That 1s, q; s the proposition expressed by @; in the expanded con-
text (Q1a v 7anc)'

Proof: This is again a simple application of the Solution Lemma.
Given the definition of the function Ezp in terms of the function
Val, what we want is a unique sequence ¢, ..., q, of propositions
satisfying the following equations.

q1 = Val(‘ﬁl)(‘]h-- '7q'n,c)
g2 = Val(p2)(q1,.- ., qn,c)

gn = Val(‘p”t)(Qla ceoyQn; C)

That there is such a sequence follows immediately from the Solu-
tion Lemma, as expected. O

Using these results, it is easy to verify that all of the proposi-
tions discussed in the previous section are indeed expressed by the
obvious L-analogues of the English sentences that express those
propositions. We give just one example, using the obvious exten-
sion of the notational conventions used above.

Example 8 Consider the following sequence of sentences ¢,
Y2, ¥3:
True(that,)

True(thaty)
~True(that;)

Then Ezp(¢1, @2, p3) is the unique sequence p1,py, ps of proposi-
tions satisfying the following equations.

p1 = [T pa)
p2 = [Tr p3]
p3 = [Fa p1]

This is just the Liar cycle of length three.
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Exercise 29 There are only four distinct propositions expressed
by the following eight sentences. They are the Truth-teller ¢, the
Liar f, and their negations, # and f. Determine which sentences
express which of these propositions.

1.

True(this)

2. True(True(this))
3. True(]|True(this))
4. ~True(this)

3.
6
7
8

- |True(this)

. oTrue(—~True(this))
. = (- True(this))
. = ({-True(this))

Exercise 30 Identify the propositions expressed by the following
sentences. What are your intuitions regarding the truth or falsity
of these propositions? Which seem paradoxical? We will return
to them in a later exercise, where we can compare these intu-
itions with the predictions made by the Russellian and Austinian
accounts.

—
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((Claire Has 50) A ~(True(this)))

((Claire Has 50) v ~(True(this)))

((Claire Has 50) A —(Claire Has 50)) A —=True(this)
((Claire Has 59) A (Max Has 59)) A ~True(this)
((Claire Has 50) vV —(Claire Has 590)) V —True(this)
((Claire Has 59) V —(Claire Has 50)) A —~True(this)
—True(this) V |True(this)

—True(this) V True(this)

—True(this) A |True(this)

-True(this) A True(this)

. °True(—True(this))

. True(—True(—True(this)))
. =True(True(—True(this)))
. 2 True(True(|—True(this)))
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Exercise 31 Consider the two following propositions.

p={[Trp]A[Trq]|
q=[[Tr p] A[Tr q]]

1. Show that these propositions cannot be expressed in £ with-
out using the demonstratives that;.

2. Extend the language by allowing two scope indicators in such
a way that p is expressed by the following sentence.

117 2(True(this, ) A True(this,))

Exercise 32 Give a general graph-theoretic characterization of
those propositions that can be expressed in £ without using the
demonstratives that;.
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Truth of Russellian Propositions

Truth and the world

We now turn to the definition of truth for Russellian propositions.
The basic idea is that a Russellian proposition is true just in case
there are facts that make it true, not true just in case there are no
such facts. Facts, however, are relative to the actual world, so we
will eventually fix some model 21 of the world and let any subset
of M count as a set of facts. Until we have such a model, we talk
about states of affairs, not facts, and about what it would be for a
set of states of affairs (a “situation”) to make a proposition true.

Definition 4 Let SOA and SIT be defined as follows:

e 0 € SOA if and only if ¢ is of one of the following forms:
o (H,a,c;t), or
o (T'r,p;1i), or
o (Bel,a,p;i),
where H, Tr, and Bel are distinct atoms, a is Claire or Max,

¢ is one of the standard cards, p is in PROP, and ¢ is either
Oorl.

e s € SITif and only if s is a subset of SOA.

We will call the members of SOA states of affairs (or soa’s, for
short). Situations, the members of SIT, are sets (not classes) of
these. If (H,a,c;1) is in situation s, this will be taken to repre-
sent person a’s having card c in s; if (H,a,c¢;0) is in s, then this
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represents a’s not having card c in s. If neither, then s does not de-
termine whether or not a has ¢. We call (H,a,c;1) and (H,q,c;0)
duals of one another (and similarly for states of affairs involving
Tr and Bel).

Definition 5 We define the makes true relation to be the unique
relation = contained in SIT x PROP satisfying:

e sk=[a H ] if and only if (H,a,c;1) € s.

s = [a H c] if and only if (H,a,c;0) € s.

s = [a Bel p] if and only if (Bel,a,p;1) € s

s = [a Bel p] if and only if (Bel,a,p; 0) €s

s = [Tr p] if and only if (Tr,p;1) €

s = [Tr p| if and only if (T'r,p;0) €

s = [AX] if and only if s = p for eachpEX
s = [V X]if and only if s |= p for some p € X.

It may not be immediately obvious that there is such a unique
relation, since we have nonwellfounded propositions. Indeed, were
we to attempt the same definition for the class Pre PROP, it would
fail because there would then be many relations satisfying these
clauses. But they all agree on PROP, as the following lemma
shows.

Lemma 4 Let =1 C (SIT x PrePROP) be defined inductively as
the smallest relation satisfying the (<) half of the conditions in
Definition 5, and let =5 C (SIT x PrePROP) be defined coin-
ductively as the largest relation satisfying the (=) half. Then we
have:

1. =1 and =2 both satisfy the full conditions in Definition &.
2. If s =1 p then s =q p, for allp € PrePROP.

3. Forp € Prop, s =1 p iff s =2 p.

Proof: (1) and (2) are simply instances of general facts about in-
ductive and coinductive definitions. To prove (3), we show that the
counterexamples form a nonsubstantive collection, and so there is
no counterexample in the set PROP.

Let X be the collection of all p € PrePROP such that for some
s € SIT,
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s =2 p but s} p.

Clearly X contains no atomic propositions. Suppose p = AY
is in X. Then since s = p, there is a ¢ € Y such that s [~ g.
But since s =2 p,s =2 ¢. Thus p has a constituent ¢ € X. The
case for p = (VY) € X is similar, and so X is a nonsubstantive
collection. O

A similar proof allows us to establish the following fact. We
take this pair of results as showing that our trimmed down PROP
is a more natural class than PrePROP.

Lemma 5 Let s € SIT not contain any state of affairs and its
dual. Then there is no proposition p € PROP such that s = p and

skEp.

Proof: Let X be the collection of propositions p € PROP for
which we have both s |= p and s = P. By the assumption about s
and the definition of the relation =, X contains no atomic propo-
sitions. But ordinary reasoning about conjunction and disjunction
shows that if some nonatomic proposition were in X, then some
immediate constituent of it would have to be in X. Thus X is
nonsubstantive, and so is empty by the definition of PROP. O

Exercise 33 Let p and ¢ be the unique members of PrePROP
satisfying the following equations.

p=[pAp]
q=[qVdq

1. Show that p and ¢ are negations, i.e., o = q.

2. Show that for any s, s =2 p and s =5 ¢ (using the notation
from Lemma 4).

3. Show that for any s, s 1 p and s ¥ q.

To depict the role played by the actual world in determining
the facts, and hence the truth of propositions, we introduce the
notion of a model of the world. Basically, a model of the world will
simply be a collection (set or class) of states of affairs, including
states of affairs involving the property of truth. But we will impose
certain coherence conditions to rule out various sorts of logical
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incoherence, in particular, incoherence involving the properties of
truth and falsity. The kind of thing we need to insure against is
models that on the one hand contain a fact (T'r,p;1) declaring a
proposition p to be true, but on the other hand fail to make p true.
We do not bother to bring in the analogous coherence conditions
on the relations of believing or having (like the condition that two
players cannot have the same card), since such conditions do not
influence our account of truth.

Minimally, we need to impose three conditions. First, we must
ensure that no state of affairs and its dual both appear in a model
M. Second, if (T'r,p;1) is in M, then it really should be the case
that p is made true by facts of 9, that is, that there is a subset
s of M such that s = p. Just so, and even more important, if
(Tr,p;0) is in M, then we must ensure that there is no subset s of
M such that s | p. We will begin by introducing the notion of a
weak model of the world by imposing these very minimal coherence
conditions. The notion of a (standard) model of the world will be
introduced in due course, by imposing natural closure conditions
on weak models.

Definition 6

1. Given a collection 90t of soa’s, a proposition p is made true by
M, written M = p, if there is a set s C M such that s = p;
p is made false by M, written M = p, if there is no such s.

2. By contrast, a proposition p is true in M, written Trueon(p),
if (Tr,p; 1) € M false in M, written Falsemy (p), if (T'r,p; 0)
€M

3. A collection 9M of soa’s is coherent if no soa and its dual are
in 9M.
4. A weak model M of the world is a coherent collection of soa’s
satisfying:
e If Trueg(p), then M = p.
o If Falsegn(p), then 9 b= p.

A word of explanation about these definitions. Regarding (1)
and (2), note that M = p, Truesm(p), and Falseqn (p) are all posi-
tive claims about M, claims that facts of one kind or another are
present in M. D k= p requires that the facts needed to make p true
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are in M, while Trueo(p) and Falseqn (p) require that the seman-
tical facts (T'r,p;1) and (Tr,p;0) be in M. By contrast, M & p
is negative. We can think of it as denying that there are facts in
M that make p true. Regarding (3) and (4), these impose abso-
lutely minimal conditions on weak models. Requiring coherence of
a weak model simply reflects the fact that no object can both have
and fail to have a given property, while the remaining demands are
minimal conditions on the property of truth: it cannot be a fact
that a proposition is true unless the world really makes it true,
and if the world really makes a proposition true, it cannot be a
fact that it is not true.

Theorem 6 The Liar proposition f = [Fa f] 1s made false by any
weak model M, but it is not false in any such M. That is, the fact
of its being false is not a fact in the world.

Proof: Suppose M k= f. Then there is a set s C M such that
s = f. In which case (I'r, f;0) € s, and so (T, f;0) € M. But
then by our condition on weak models, f must be made false by
9N, which contradicts our assumption. Hence T }~ f.

Now let us show that f is not false in 9. Suppose it were.
That is, suppose {T'r, f;0) € P Let s = {{T'r, f;0)}. Then s is a
set of facts in 9 and s = f. So f would then be made true by 90,
which cannot be, by the preceding. O

Notice that the proof of this theorem exactly parallels the rea-
soning usually taken to show that the Liar is paradoxical. Indeed, if
we look back at the intuitive reasoning given in Chapter 1, page 20,
we see that the proof that f is made false by 9t corresponds to
step (3), while the proof that f is not false in 9 corresponds to
(4). Here, however, there is no paradox, only a somewhat puzzling
moral. The moral is that on the Russellian view of propositions
and truth, or at any rate on our reconstruction of it, the Liar is
made false by the world but its falsity cannot be construed as a fact
in the world. For adding its falsity to the world, that is, throw-
ing the soa (T'r, f;0) into 9, would violate the minimal coherence
conditions that anchor our notions of truth and falsity in the first
place. We think the significance of this moral will become clearer
as we play out the consequences of the Liar in more detail.

One way to interpret Theorem 6 in line with our discussion in
Chapter 1 about negation and denial might be this. What the
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theorem tells us is that we can deny the truth of the Liar f, but
we cannot assert that f is not true, since asserting that f is not
true is just asserting f. The puzzling feature of the theorem would
then be the question of how these two can possibly diverge.

The T-schema and the world

In Chapter 1 we remarked that deriving a contradiction from the
Liar seemed to require only the T-schema. Let us try to reconstruct
this schema in the present Russellian framework in order to see
what must be given up and why.

Definition 7 Let 91 be a weak model of the world.

1. We call MM T-closed if it satisfies the condition: Trueg (p) iff
M = p. This can also be restated as: M = [Tr p| iff W = p.

2. We call M F-closed if it satisfies the condition: Falsesy (p) iff
M = p. This can be restated as: M = [Fa p] iff M |~ p.

3. We call I semantically closed if it is both T- and F-closed.

The most direct reconstruction of the intuitive T-schema is the
requirement that models be T-closed. We will see that there is no
problem at all with assuming that the world is T-closed. According
to Theorem 6, the Liar is made false by any model 9, and so T-
closure only guarantees that the Liar cannot be true in 9. But
this in fact was already guaranteed by our coherence conditions on
weak models. This is why the distinct notion of F-closure must be
introduced to capture the full intent of the T-schema.

Notice that the (=) half of T-closure is guaranteed by the def-
inition of weak model, as is the (=) half of F-closure. Where the
Liar proposition causes problems is with the (<) half of F-closure.
Theorem 6 tells us that the Liar f is not made true by a model
M, and F-closure would then demand that [Fa f] be made true by
M. But f and [Fe f] are the same proposition. Consequently, we
have the following corollary to Theorem 6.

Corollary 7 No weak model is F-closed. Thus there are no se-
mantically closed models.

The Liar shows us that there are no F-closed, and hence no
semantically closed, models. But it is possible to introduce an
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approximation of the notion of semantic closure. Recall that when
we discussed the F-schema in Chapter 1, there was a question about
whether the “—...” should be construed as a negative assertion
or as some sort of “embedded denial.” The notion of F-closure
introduced above in effect opts for the latter, since the negation
appearing on the right-hand side (90 [~ p) is completely external
to the proposition. This suggests an alternative closure condition
which, it will turn out, can indeed be satisfied.

Definition 8 Let 9 be a weak model of the world.

1. We call 9 N-closed if it satisfies the condition: Falsesy (p) iff
9 k= p. This can be restated as: MM = [Fa p] if M = 5.

2. We call 9 almost semantically closed if it is both T- and
N-closed.

N-closure is weaker than F-closure in one extremely important
sense: the (<) half only requires Falsegy (p) for a restricted class
of propositions, the ones whose negations are made true by 9.
But as long as we are dealing with the very spare notion of a weak
model, there is also a sense in which N-closure is stronger than F-
closure. For the (=) half requires that for any proposition that is
false in M, there must be a set of facts that “witnesses” p’s falsity
by making its negation true. For future reference, we will call this
(=) half of N-closure the witnessing condition. Thus a weak model
M satisfies the witnessing condition just in case Falsegy (p) implies
M = 7.

There are many ways in which almost semantically closed mod-
els more naturally represent the behavior of truth and falsity, and
hence are more natural representations of the world than weak
models in general. For example, we have the following.

Proposition 8 Let MM be a weak model that is almost semantically
closed. Then the following hold:

1. ME=[Tr p] iff M= p.

2. M= [Fap] ff ME=p.

3. M k= [Fa [Fa p]] iff M |= p.

4. ME[Tr(AX)] iff M E=[Tr p] for eachp € X.

5 ME[Tr(VX)] f M= [Trp] for somep € X.
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6. M= [Fa(A\ X)] iff M |=[Fa p] for somep € X.
7. M= [Fa(V X)) iff M |= [Fa p] for eachp € X.

Proof: These are routine calculations from the above definition. O

So the question is, are there almost semantically closed models?
First, let’s say that a semantical fact o of a model M is any soa o €
M of the form (Tr,p;1) or (T'r,p;0). Then we have the following
theorem.

Theorem 9 Let MM be any weak model containing no semantical
facts. There s a smallest model 9N* 2 9 which is almost seman-
tically closed.

Proof: 1f 9N contains no semantical facts, then it vacuously satisfies
the witnessing condition. Consequently, this theorem follows from
the next, which is more general. O

The preceding theorem would answer the simple question about
the existence of almost semantically closed models. But there is a
more general question that is worth investigating, and which will
prove much more useful: which weak models can be enlarged to
almost semantically closed models? The answer, suggested in the
proof above, is given in the following.

Theorem 10 (Closure Theorem) Let 9 be a weak model satis-
fying the witnessing condition. Then there is a smallest almost
semantically closed model 9T* 2 M.

Proof: The idea here is to define, for any such weak model 90,
another weak model 90U containing 9 and one additional “level” of
semantical facts needed to close 9. We then iterate this operation.

Let D be the collection of soa’s o satisfying one of the follow-
ing:

1. c €M, or
2. 0 = (Tr,p;1) where M = p, or
3. 0 = (Tr,p;0) where M |= 7.

We first show that 9 is a weak model. To prove this, we need
to establish the following:
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1. M contains no soa and its dual.
2. If (T'r,p;1) € I then WM k= p.
3. If (T'r,p;0) € WM then M’ |~ p.

To prove (1), we first note that there is no p for which 9 = p
and M = P, since M is coherent. Consequently, we have not put
any soa o and its dual in 9 in steps (2) and (3) in the definition
of M. However, we must also check to see that we have not in
either of these steps thrown in the dual of some element already in
M. This amounts to checking:

4. If (T'r,p; 0) € MM then M (£~ p, and
5. If (T'r,p;1) € 9M then M .

These are immediate consequences of the definition of weak model.

The proof of (2) is almost immediate from the definition, so we
prove (3). Assume (Tr,p;0} € 9. Then either (T'r,p;0) € M,
or we have added this soa in step (3) because 9 = p. But if
(Tr,p;0) € M, then M = P by the witnessing condition. Thus in
either case, M = 7, and so M’ = 7. But if WM = p as well, then
there would be an s C 9 such that s = pAP. But then s contains
some soa and its dual, by Lemma 5. But this contradicts (1).

Now simply close 9 under this operation. It is routine to check
that 9%, the closure, is a weak model and is almost semantically
closed. O

The following is an immediate consequence of the Closure The-
orem.

Corollary 11 A weak model is contained in an almost semanti-
cally closed model if and only if it is contained in a weak model
that satisfies the witnessing condition.

This corollary shows the importance of weak models that satisfy
the witnessing condition. We will call such weak models closable
weak models or cw-models. An important example of a closable
weak model is any weak model containing no semantical facts. All
such weak models satisfy the witnessing condition trivially, and so
are closable, as was noted in Theorem 9.

We now use the closure conditions embodied in the notion of an
almost semantically closed model to define the notions of a model
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and a maximal model of the world. It is in maximal models that
truth and falsity are represented in a way that corresponds most
closely to our pretheoretic intuitions.

Definition 9 A model of the world is any weak model M that is
almost semantically closed. A mazimal model is a model 9 that
is not properly contained in any other model M.

QOur decision to dub the almost semantically closed models sim-
ply models injects a slightly confusing twist into our terminology.
In particular, note that weak models and even closable weak mod-
els are not always models. But then reputed logicians aren’t always
logicians, either.

Theorem 9 assures us that there are models, while the Closure
Theorem gives us a sufficient condition for expanding weak models
to models. We have seen that models are much better behaved than
weak models. Proposition 8 gave us one example of the natural
behavior of models not displayed by weak models in general. The
next proposition gives us the tool that is needed to show that every
closable weak model can be expanded to a maximal model.

Proposition 12 The union of an increasing chain of closable weak
models is a closable weak model.

Proof: The proof of this is routine, given the observation that if
P C Nand M = p, then N = p. This fact is immediately obvious
from Exercise 28, page 68, but also follows easily from the original
definition of PROP. O

Corollary 13 Every model can be ezpanded to o maximal model.
More generally, any closable weak model can be expanded to a maz-
tmal model.

Proof: We have already seen that a cw-model can be expanded to
a model. From here, one proceeds in a routine way by enumerating
all states of affairs in a transfinite sequence, o, where « ranges
over the ordinals. Given a cw-model IM,,, we take 9,11 to be a cw-
model containing M, U{o,} if there is such a cw-model, otherwise
to be M,,. We take unions at limit ordinals, as usual. Proposition
12 assures us that these unions, as well as the final limit, are all
cw-models. The final limit must be a maximal model. O
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Exercise 34 Show that the union of a chain of models is not nec-
essarily a model.

Exercise 35 By contrast with the previous exercise, show that
the union of an increasing chain {#M, | @ an ordinal} of models,
where the collection is indexed by all the ordinals, is itself a model.
Use this to give an alternate proof of Corollary 13.

Kripke’s construction and other closure conditions

We arrived at the witnessing condition and the notions of a model
and a maximal model in an attempt to salvage, within the Russel-
lian framework, the core of the intuition underlying the T-schema.
An examination of the Russellian account reveals a striking paral-
lel with Kripke’s fixed point approach to the Liar. To bring out
this parallel, let’s briefly review Kripke’s account.

Kripke deals with sentences, not propositions. His idea is that
the set of true sentences must be a “fixed point” of some mono-
tonic evaluation scheme. He illustrates his idea in some detail by
examining the evaluation scheme associated with Kleene’s strong
three-valued logic. To show that there are fixed points, he uses
this scheme to define a process whereby one starts with a stan-
dard, first-order model and a pair (T, Fy) of sets of sentences, call
them the initially true and initially false. Then Kripke uses the
scheme to define a transfinite sequence of pairs (T4, F) of sets of
sentences, using conditions like: if ¢ € T, then (True ¢) € Th11
and —(True ¢} € F,41. In general, this process is not going to
give you anything reasonable. For example, if you start with the
Liar sentence in either Ty or Fy, then it is going to get tossed back
and forth willy nilly. But if you start out with the pair (@, ), or
with certain other pairs satisfying a condition analogous to our
witnessing condition, then you will arrive, in due course, at a fixed
point! (T, F) where the two sets are disjoint, as they ought to
be. In such fixed points, sentences like the Liar will not appear in
either T, or I, and so are simply gaps in the final distribution
of truth values.

If we think of the initial model as determining the truth values
of sentences not involving truth, then the process of constructing
the fixed point might be seen as the step by step assignment of

IThat is, a pair (T, Fy) which is equal to (Tx+1, Fat1)-
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truth values to sentences containing the truth predicate in increas-
ingly complicated ways. When we think about it in this way, then
the natural starting point is with the pair (@, ), since the account
suggests that a semantical sentence must get its truth value “from
below,” from the truth values of sentences with fewer nestings of
the truth predicate. This starting point yields what has come to
be known as Kripke’s least fired point. The least fixed point of the
Kleene evaluation scheme has arguably replaced Tarski’s account
as the orthodox treament of the Liar.

However, this is not Kripke's own position, though it is often
thought to be. Kripke does not commit himself to the Kleene
scheme, or to the least fixed point of any scheme. His argument
is that truth should be a fixed point of some scheme or other. In
this regard, the Russellian account agrees completely with Kripke’s
actual position, though not with the common misunderstanding of
his position. Our notion of an almost semantically closed model
is just a fixed point requirement on truth, of the kind Kripke en-
dorses, and our proof of the Closure Theorem corresponds closely
to his construction of a least fixed point.

The parallel between Kripke’s construction and our proof of
the Closure Theorem is this. Look at the special case of the result
presented as Theorem 9, page 82, the case where we start with
a weak model M containing no semantical facts. According to
this theorem, there is a smallest model 9* containing 9. If we
set aside sentences involving Believes, which Kripke doesn’t deal
with, and look at the distribution of truth and falsity internal to
this model, we will find that it corresponds exactly to the least
fixed point on the Kleene evaluation scheme. That is, I* will
contain (T, Exp(¢);1) if and only if ¢ € Ty, and similarly for
falsity.

There are two interesting points to be made about this parallel.
The first point has to do with how the truth value “gaps” appear in
the two treatments. Note that on our approach, every proposition
is either made true by 9 or false by 9 (i.e., not made true by )
for any given weak model 9. In this sense, our logic is strictly
two-valued, and so in this sense disagrees sharply with Kripke’s.
However, if we look at the class of propositions that are true or
false in 9, then gaps do appear, as they do in any of Kripke’s
fixed points. For example, neither (T'r, ;1) nor (I'r, f;0) can be
in a weak model 9. Weak models that are almost semantically
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closed fill in many of these internal gaps. For example, “inter-
nal” and “external” truth are coextensive in such models. On the
other hand, internal and external falsity are not coextensive in
any model, again due to Liar-like propositions. Now, we do not
equate the pretheoretic notion of the nontruth of p (captured by
M (= p) with the truth of its negation (M = p). But if we did,
the inevitable internal gaps would appear as genuine truth value
gaps, and, indeed, some form of three-valued logic would then hold
directly in our semantics. However, the standard “undefined” in-
terpretation of Kleene’s third value would be quite unnatural in
the Russellian account, since for a proposition not to be true is
simply for it not to be true.

Kripke seems to suggest in footnotes that the presence of truth
value gaps in his treatment might be linked to the attribution of
truth to sentences rather than propositions. From this perspective,
gaps would arise when a sentence fails to express a proposition, in
which case the sentence would acquire neither the value true nor
the value false. Such an account of truth value gaps would be
committed to the claim that the Liar sentence simply cannot be
used to express a proposition. As we have already observed, such
an account would be incomplete without a principled explanation
of why this particular sentence has this property. Needless to say,
on our treatment of the Russellian Liar, the “internal” gaps cannot
be chalked up to the failure of sentences to express propositions.

A point of divergence between our approach and other recent
treatments concerns the question of how truth comes to be assigned
as it does. Many readers of Kripke’s article have come to see the
problem posed by the Liar as one of finding the right evaluation
scheme and the right fixed point to generate an intuitively satis-
factory definition of truth. In contrast, we do not see ourselves as
even aiming at a definition of truth, but rather as investigating the
consequences of some very basic intuitions about the property of
truth. In this way, our Russellian account is compatible with many
competing conceptions of truth: indeed any that would satisfy the
basic conditions in our definition of a model.

We conclude this section with some general observations about
the relation between the pretheoretic T-schema and our three clo-
sure conditions, T-closure, F-closure, and N-closure, observations
relevant to any comparison of the Russellian account with other
accounts, including Kripke’s. At first sight it seems odd that the
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one schema could generate three nonequivalent closure conditions.
To see why this happens, we can start with the closure conditions
and work back toward the intuitive schema. For ease of reference,
we repeat the three conditions here.

(T) M= [Tr p] iff M = p.
(N) M |= [Fa p] iff M = P.
(F) M |= [Fa p] iff M = p.

The first thing to notice about these closure conditions is that
they are conditions relating models and propositions, and so are
stated at a higher (“meta”) level. (Indeed, if we were dealing
with sentences rather than propositions, these conditions would
be expressible only in the metalanguage, but since we are dealing
with propositions, the object language/metalanguage distinction
is inappropriate.) To get from these conditions to their lower level
correlates, to conditions not involving the notion of a model making
a proposition true, we need to suppress explicit reference to the
world 9 and the relation |= between world and proposition. Before
making this move, though, we should also note that in their “meta”
formulations, both T- and N-closure are positive conditions, in the
sense that they express necessary and sufficient conditions on the
positive extent of the |= relation. By contrast, F-closure expresses
a necessary and sufficient condition between the positive extent of
=, on the one hand, and the negative extent of =, on the other.

The correlates of the first two closure conditions are expressed
as follows, by dropping reference to 9 and |=, and omitting our
abbreviation “[Fa p].”

(T.) [Tr p] iff p.

(N.) [Tr p| iff .

Formulated in this way, it would seem that N, follows from T,
by simply negating each side. Since N-closure doesn’t follow from
T-closure, this shows that some sort of conflation has taken place
in the move from the higher to the lower level versions of these
conditions. However, both conditions are satisfiable, and so this
fact may not seem too significant. But now consider the closest
correlate of the third closure condition.

(F.) [Tr p] iff p.
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F, is the very same schema as N,, even though N-closure is a
satisfiable condition while F-closure is not. This is an extremely
misleading conflation, and results from collapsing both 9 |= § and
M = p to the same thing.

Again, if we were dealing with sentences rather than proposi-
tions, and if the object language contained the predicate True,
then T,, N,, and F. would be expressible in the object language,
unlike the original conditions T, N, and F. This is an extremely im-
portant point, since many sentential accounts of the Liar claim to
satisfy the intuitions underlying the T-schema, but then only test
those intuitions against an object language version of that schema,
a condition similar to T,. Such accounts at best satisfy T-closure
and N-closure; they do not satisfy the important intuition under-
lying F-closure, whether or not there is an adequate way to cast
this condition in the object language. Frequently, this failure will
emerge in the form of a Strengthened Liar: a critic, observing that
the Liar is really not true (i.e., 9 = f), can appeal to the intuition
captured by F-closure, and ask why some object language version
of this observation {(corresponding to our [Fa f]) doesn’t come out
true. Of course it can’t, since it would be none other than the Liar
itself.

Exercise 36 In light of the above discussion, go back and reana-
lyze the argument on page 21 that purports to derive a contradic-
tion directly from the propositional version of the T-schema.

Witnessing functions

Recall that one of our long-term aims in this book is to relate the
two treatments, the Austinian and the Russellian, so that we can
see what each has to say about sentences that express problematic
propositions like the Liar. To do this right, we need to analyze
those sentences that express problematic propositions, and this in
turn calls for an analysis of just when a proposition is “problem-
atic.” In the Russellian case, this can be reduced to questions of
when a given proposition p is true in some model M, or more gener-
ally, of when p is true in some extension 9 of 9. It turns out that
the Closure Theorem allows us to formulate such a test using what
we’ll call witnessing functions. But the test is a bit technical, and
so the reader may want to postpone this section until Chapter 11.
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Prior to that, the only uses we make of witnessing functions are
in the proofs of some simple results and in a few exercises. But in
both cases they can be avoided fairly easily.

To understand the following definition, it helps to recall a com-
mon technique in working with ordinary propositional logic. Some-
times, rather than construct a whole truth table, one “works back-
wards” from a proposition and a desired truth value to see what
values must be assigned to the constituents in order for the origi-
nal proposition to get the target value. The notion of a witnessing
function captures this idea in the present context. It is also anal-
ogous to the notion of a consistency property {scmetimes called a
Hintikka set) used in the model theory of infinitary logic.?

Definition 10

1. A wilnessing function w is a partial function from PROP to
SIT satisfying the following conditions:

e If p=la H c] € dom(w), then (H,a,c;1) € w(p);

o If p=a H c| € dom(w), then (H, a,c;0) € w(p);

o If p = [a Bel q] € dom(w), then (Bel,a,q;1) € w(p);

o If p = [a Bel q] € dom(w), then {Bel,a,q;0) € w(p);

o If p = [A P|] € dom{w), then P C dom{w) and for each
q € P, w(q) C w(p);

e Ifp = [\ P] € dom(w), then for some ¢ € (PNdom(w)),
w(g) € w(p);

o If p = [Tr q] € dom(w), then ¢ € dom(w) and w(g) U
{(Tr,q; 1)} € w(p);

e If p = [Fa q] € dom(w), then § € dom(w); and w(g) U
{(Tr,q;0)} € w(p).

2. A witnessing function w is coherent if the set MM = (J{w(p) |
p € dom(w)} is coherent. More generally, the witnessing
function w is compatible with a set My if the set M = My U
U{w(p) | p € dom(w)} is coherent.

3. A proposition p is consistent if it is in the domain of some
coherent witnessing function w; it is consistent with My if it is

in the domain of some witnessing function that is compatible

2See, e.g., Keisler (1971).
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Example 9 Consider the Truth-teller ¢t = [Tr t]. If we let wo(t) =
{(T'r,t; 1)}, then wp is a coherent witnessing function for ¢. On the
other hand, if we let w1(f) = {{T'r,t;0)}, then wy is also a coherent
witnessing function for the negation of ¢.

Example 10 There is no coherent witnessing function w defined
on either the Liar f or its negation f. For example, if w(f) is
defined, then (T'r, f;0) € w(f) and w(f) C w(f). But w(f) must
contain the soa (T'r, f;1).

The definition of consistent proposition is justified by the fol-
lowing theorem.

Theorem 14 (Model Existence Theorem) A proposition p is con-
sistent if and only if there is a model M such that p is true in M.
More generally, the proposition p is consistent with a model My iff
there is a model M D My such that p is true in M.

Proof: Neither half of this proof is very difficult. For the (<) half
we need to show how to extract a witnessing function from a model.
For the (=) half, we show how to extract a closable weak model
from a witnessing function and then apply the Closure Theorem.

(«=) First assume that p is true in some model M D M. We
can assume that 90 is a set, without loss of generality. Let P be
a set of propositions containing p and closed under the taking of
constituents and the formation of negations. Let Q = {q € P |
Truem(q)}. Let w(q) =M for all ¢ € Q. It is easy to see that this
is a witnessing function which is compatible with 9.

(=) Assume that p is consistent with 9, i.e., that there is a
witnessing function wy defined on p and compatible with ;. We
can extend wo to a witnessing function w; defined on [Tr p] which
is also compatible with 9. Let 9% be the union of the range of
wy. It is easy to see that 9M; is a cw-model, and so contained in
some model M. Since {T'r,p;1) € M, Truegm (p). O

Exercise 37 Construct a witnessing function for the Liar cycle
p1,P2, 4, i-€., a witnessing function with all three propositions in
its domain. Show that any such witnessing function must be inco-
herent.
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Exercise 38 Consider the proposition p = [a H 3&]V [Tr p]. Use
witnessing functions to show: (i) the proposition p is true in any
model M where a has the three of clubs; (ii) there are models M
where a does not have the three of clubs but the proposition p is
true.

Exercise 39 (Extended Model Existence Theorem) Let us call a
set P of propositions consistent if it is a subset of the domain of
some coherent witnessing function w; it is consistent with My if
it is a subset of the domain of some witnessing function that is
compatible with My. Show that the following is a consequence of
the Model Existence Theorem:

A set P of propositions is consistent with a model M
iff there is a model M D My such that each proposition
in P is true in 9.

This result will be used below.

Saul Kripke, in private correspondence, has told us that he has
independently obtained results similar to the above in his work on
semantic tableaux and the Strong Kleene scheme. These will be
published in due course.

Paradoxical Russellian propositions

No Russellian proposition is paradoxical in the sense of both being
made true and being made false (i.e., not being made true) by a
model. And so, of course, no proposition is both true in and false
in any model. But propositions like the Liar still behave in a very
puzzling way. Although they are made false by every model, this
must somehow be treated as a second-class fact, one that is not
part of the model itself. For these propositions can never have
a truth value in a model, even in a maximal model. Following
Kripke, we use this feature to define the paradoxical propositions.

Definition 11

e A proposition p is paradozical in a model 9N if for any maxi-
mal model 9 D 9N, neither Truen(p) nor Falsem(p).

e By a classical proposition p we mean one that is not para-
doxical in any model, i.e., for each maximal model 9, either
Truem(p) or Falsesn (p).
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e Propositions that are paradoxical in some models but not in
others are called contingently paradoxical.

Example 11 The Liar is intrinsically (i.e., not contingently) para-
doxical. The following proposition, however, is contingently para-
doxical:

p=[a H ANV [Fa p].

This proposition is true in those maximal models where a has the
ace of spades, and paradoxical in the rest.

The following is a simple but useful reformulation of some of
the notions just introduced.

Proposition 15

o Suppose M is mazimal and p is not paradozical in M. Then
M p iff ME=p.

o A proposition p is classical iff its denial implies its negation,
that is, for each mazimal M, if M = p, then M = P.

Classical propositions are those for which the difference between
being made true or false by a maximal model and being true or false
in the model can be ignored. These propositions satisfy classical
propositional logic in its entirety.

Theorem 16

1. The Truth-teller is classical.

2. The Truth-teller is true in some mazimal models, false in
others.

Proof: Let us first show (1). Let 9 be any maximal model such
that 9 = t. We need to show that 9 = 7, i.e., that M = [Fa t].
Let wy be the witnessing function defined in Example 9, page 91.
Since M p= ¢, wq is compatible with 9. But then, by the Model
Existence Theorem and the maximality of 9, 9 k= [Fa t], as
desired. To show (2), note that both wy and w; from Example
9 are coherent, so the result follows from the Model Existence
Theorem. O

Part (2) of the above supports the intuition that the truth
of the Truth-teller is up for grabs. Indeed, that result could be
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strengthened, without changing the proof, to show that if you start
with any weak model containing no semantical facts, then it can
be extended both to models in which ¢ is true, and to models in
which ¢ is false.

Not only is the Truth-teller classical, so is any proposition you
can build out of it using standard operations in a noncircular way.
This is implied by the following closure properties that hold for
classical propositions.

Proposition 17

1. The collection of classical propositions contain all nonseman-
tical atomic propositions, i.e., all atomic propositions not
containing Tr as an immediate constituent.

2. The classical propositions are closed under \,\/ and the for-
mation of negations.

3. p is classical iff [Tr p] is classical, iff [Fa p] is classical.

4. These same closure conditions hold of the propositions that
are nonparadozical in a given mazimal model.

Proof: Routine verification. O

Although the Truth-teller is classical, it is also quite different
from a proposition like:

p = [Tr [Max H 30]].

While these are both propositions about propositions, the truth
of the latter is automatically determined by nonsemantical facts,
unlike that of the former. Using the concepts already at hand, it
is easy to distinguish these two kinds of classical propositions. We
will say that a proposition is grounded over a closable weak model
M if it has a truth value in the smallest model containing 9 (in
other words, it is either true in that model or false in that model).
In contrast, we say that a proposition has a determinate truth
value over I if it has a single truth value in all maximal models
containing 9M.% Notice that any proposition that is grounded over
9N automatically has a determinate truth value over 91, but the
converse does not hold. For any closable model M, this gives us

3These definitions parallel those given in Kripke (1975).
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a three-way classification of classical propositions: those that are
grounded, those that are ungrounded but have determinate values,
and those that do not have determinate truth values.

Let’s look at examples of all three sorts of propositions. Let
9t be a closable weak model containing no semantical facts. Then
the Truth-teller ¢ does not have a determinate truth value over 90t
(and so of course is not grounded over 9, either). On the other
hand, if 9% contains an soa of the form (H, Max, 3¢;:), then the
proposition p above is grounded over MM (and so has a determinate
truth value, as well). For an example of an ungrounded proposition
with a determinate truth value, consider the proposition:

[Tr t] V [Fa t].

The fact that this proposition is ungrounded over 9 follows from
the proof of Theorem 16, since the proof shows that ¢ will be true in
some extensions of 9 and false in others. But the proposition has a
determinate truth value, namely, true, by part (1) of Theorem 16.

Finally, we should point out that there are some minor pitfalls
lurking in the relation between sentences and the propositions they
express, due mainly to our convention of using a formula ¢(this),
containing a loose this, as an abbreviation for the associated sen-
tence |@(this). For example, the sentence

(5.1) (Claire Has A& V True(this))

expresses a classical proposition. However, there are models in
which the proposition expressed by 5.1 is true, but where neither
disjunct of 5.1 expresses a true proposition, that is, where neither
of the following express truths.

(5.2) Claire Has A#

(5.3) True(this)

The reason for this is the shift in scope of this. By contrast,
(5.4) (Claire Has A& V |True(this))

expresses a proposition which is true just in case at least one of
the propositions expressed by the two disjuncts is true. In general,
real sentences that express classical propositions have the expected
logical behavior.
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Exercise 40 The following proposition is contingently paradoxi-
cal:

p = [[Clairc H AK] A [Tr p]].

What state of affairs is its paradoxicality contingent upon?

Exercise 41 Recall the following two propositions from Exer-
cise 31 on page 74.

p=[[Tr p] A[Tr q]]
q=[[Trp] A[Tr ]

Suppose 91 is a cw-model containing no semantical facts. Are p
and ¢ grounded over 9M? Do they have determinate truth values
over IM?



6

Consequences of the Russellian
Account

Further examples analyzed

It’s time we examined some of the other examples given in Chap-
ter 1, to see how they come out on this conception of propositions.
Let’s first look at the Liar cycles. This is one of the cases where
things turn out differently on the Russellian and Austinian con-
ceptions. We leave the verification of the following to the reader,
since it simply uses the standard reasoning about the Liar cycle.

Proposition 18 Let p;,...,pn,q be a Liar cycle as described in
Ezxample 4 on page 65. Then each of these propositions is intrin-
sically paradozical.

Next, consider the case in which two people each assert the
following, using “that proposition” to refer to the other’s claim;

This proposition is true but that proposition is false.

What we want are propositions py and p; satisfying the following
equations.

po = [Tr po] A [Fa p1]
p1 = [Tr p1] A [Fa po]

Intuitively, we would expect these to be perfectly classical proposi-
tions, akin to the Truth-teller. In a maximal model, one should be
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true and the other false. Further, there should be maximal models
that go each way: there should be models in which pq is true (and
hence p; false), and others in which p; is true (and hence p, false).

Unfortunately, this isn’t quite how things work out. AFA does
guarantee that there are such propositions, but it guarantees more.
Namely, it guarantees that they are the very same proposition.
Why? Because they have exactly the same structure, and so the
sets that model them will in fact be identical. So what we really
have is just the proposition that claims of itself that it is both true
and false-—a proposition that is false in every maximal model.

There are two ways we might view this collapse. According
to one, the collapse is an artifact of our modeling process: things
that should be distinct are here modeled by the same set. This is
similar to the widely recognized problem with using sets to model
properties, where distinct properties that have the same extensions
end up being modeled by the same set. On this line, we should
really allow ourselves more freedom in modeling propositions. This
would be easy enough to arrange, say, by simply allowing ourselves
to “index” propositions. If we did this, the example would work
out just as our intuitions dictate.

We have not allowed ourselves this freedom, partly because the
single example doesn’t seem important enough to complicate the
whole discussion to this extent. And in any event, a similar point
can be made by looking at a slight modification of the example,
where the propositions satisfy the following equations.

go = [Tr qo] A [Fa q1]
g1 = [Tr Tr ¢1] A [Fa qo]

These have distinct structure, and so are distinct. Further, they
are both classical and have opposite truth values in all maximal
models. But they do not have determinate truth values: there are
models in which gg is true and ¢; false, and models in which the
converse holds.

It’s possible, though, that something else is going on in the
collapse of pg and p;. Perhaps the collapse is not just an artifact of
the modeling, but rather indicates something important about the
nature of propositions. What, after all, gives rise to the intuition
that there are two propositions in this case, rather than one? Or, to
put it differently, what would the two different “indices” represent,
if we were to introduce such indices into the model? Presumably,
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the intuition that there are two distinct propositions stems from
the fact that there are two utterances, involving two speakers, and
each speaker is claiming something that has the other person, or
the other utterance, as a constituent. In other words, the index
must represent something about the specific utterances that makes
the propositions distinct. This way of looking at it is in fact one
motivation for the Austinian view of propositions, which we will
turn to soon.

Next, consider the example of Max believing that that very
belief is false. This was modeled by the Russellian proposition:

p = [Max Bel p| A[Fa p].

This proposition is contingently paradoxical. It is false in those
maximal models where Max does not believe p, paradoxical in those
where he does believe p. It would be a mistake to think that this
has much at all to do with belief, though, since the observation is
perfectly general. Indeed, we can bring various examples of contin-
gently paradoxical propositions together into a single observation,
one that covers both this example and Example 11 from the last
chapter.

Proposition 19 Suppose that p = q V [Fa p], and that r = q A
[Fa 7], where q is contingent (i.e., true in some models, false in
others).! Then p and v are contingently paradozical. Indeed, p is
true in models in which q is true, paradoxical in others, while r is
false in models in which q is false, paradoxical in others.

The reasoning used to establish this proposition is relevant to
the analysis of examples like Kripke’s Contingent Liar Cycle, de-
scribed in Chapter 1. Consider the three propositions given by the
following equations.

p1 = [Max H 3]
p2 =[Tr q]
g =[Fap1]V [Fa ps]

If M is a model containing the fact (H, Max, 3&;0), then it’s easy
to see that p; will be false in 9 while py and ¢ are true in 9.
However, both p; and g will be made false by any model that

11t may be the case that either or both of p and r are constituents of g.
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contains the fact (H, Max, 3; 1), but will not be false in any such
model. Hence they are paradoxical in such models, and so are
contingently paradoxical according to our definition.

While we haven’t included the conditional in our treatment, we
can still use Proposition 19 to shed some light on Léb’s Paradoz.
Recall that this paradox involved the following sentence:

(6) If this proposition is true, then Max has the three of clubs.

If we simply give the conditional the material reading,? then we
end up with § expressing the proposition:

p=[Fa p] vV [Max H 3&].

By the above result, this is contingently paradoxical; it is true
if Max has the three of clubs, but paradoxical otherwise. This
squares with the intuition that the proposition expressed by 6 is
paradoxical if Max does not have the three of clubs.

Let’s see what happens with Gupta’s Puzzle. Assume that we
are in a model M in which Claire has the ace of clubs and Max
does not; that is, (H, Claire, Ad; 1) and (H, Max, Ad;0) are in 9.
Consider the following five propositions, the first three asserted by
R, the last two asserted by P.

R’s claims:
ry = [Max HAM)
ro = [Tr p1] A[T7 po)
r3="Tg

P’s claims:

p1 = [Claire HA]
pa = [[Fari] A[Fa ]| V[[Fari] A [Fa rs]]

If 91 is maximal, then the intuitive reasoning that Gupta used
to show that py is true, and hence that ro is true and rz false,
carries over intact. We know that ro and r3 cannot both be true in
N, since they make contradictory claims. Indeed, it’s not hard to
show that one or the other must be false in 9 (see Exercise 49). In

2We don't in fact think the material reading provides an adequate treatment
of the conditional. If we wanted an account that dealt more adequately with
conditionals, we would adopt a treatment like that described in Barwise
(1986).
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which case, p; and p; are both true in M. Consequently, 7o is true
in 9 while r; and r3 are false in 91. This was the result desired.

Another way to put this is that all five of the propositions have
determinate truth values over any model 9 containing the two
card facts (H, Claire, A#;1) and {(H,Max, A#;0), and that these
values are the expected ones. However, they are not grounded over
all such models. (See Exercise 49 for a further elaboration.)

Finally, let us return to the Strengthened Liar. In L these are
expressed by the following pair of sentences, using the extended
semantics.

(A1) —True(this)
(A2) —True(that;)

One intuition about this case is that the second of the above
sentences expresses a proposition closely related to the Liar propo-
sition. This intuition is upheld, in that A; expresses, in the Rus-
sellian semantics, the very same proposition as A;. Unfortunately,
this also seems to involve an embarrassment for the account. For
the Liar proposition is indeed not true, but there is no true propo-
sition which expresses this fact. This expressive limitation is a
serious defect in the Russellian account.

There are two things going on here that should be kept separate.
One is that both A; and A2 express the very same proposition, and
80 there is no way for one to be true, the other not. But this might
be an artifact of our particular way of modeling propositions. The
other is more serious, though. Since the Liar is only made false by
the world, but the fact of its being false cannot be in the world,
there can be no true proposition that expresses that the Liar is not
true. This seems intrinsic to any account that adheres to anything
like the basic line of the Russellian view.

Exercise 42 Recall the following sentences from Exercise 30 on
page 73. Using witnessing functions, classify these propositions
according to whether they are classical, contingently paradoxical,
or intrinsically paradoxical. How does this square with your earlier
intuitions?

1. ((Claire Has 59) A —(True(this)))
2. ((Claire Has 50) V —~(True(this)))
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((Claire Has 50) A —(Claire Has 50)) A —~True(this)
((Claire Has 50) A (Max Has 590)) A ~True(this)
((Claire Has 59) V —(Claire Has 59)) V —True(this)
((Claire Has 50) vV —(Claire Has 590)) A ~True(this)
—True(this) V |True(this)

—True(this) V True(this)

~True(this) A |True(this)

10. ~True(this) A True(this)

11. =True(~True(this))

12. True(~True(—True(this)))

13. ~True(True(—True(this)))

14. =True(True(|-True(this)))

© ® NS o e w

Exercise 43 Consider the propositions p1, p2 expressed by the fol-
lowing sentences:

¢ (Claire Has 5¢) V True(this)
¢ (Claire Has 5¢)V |True(this)

Show that these are both classical, and that neither implies the
other, in that there are maximal models 2 in which p; is true, py
false, and maximal models 91 in which ps is true, p; false. (Hint:
Use witnessing functions.) In particular, these propositions do not
have determinate truth values over all models in which Claire does
not have the five of diamonds.

Exercise 44 Now consider the two propositions g1, g2 expressed
by the following sentences:

e (Claire Has 5¢) V - True(this)
e (Claire Has 5¢) V |~ True(this)

The previous exercise would suggest that there is a semantic dif-
ference between these propositions.

1. Show that ¢y and ¢y are both contingently paradoxical.
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2. Show that by contrast with the previous exercise, ¢; and ¢o
are true in exactly the same maximal models. This contrast
suggests that a significant distinction gets lost in maximal
models.

3. Show that there are cw-models M in which ¢; is true, and
where gy is made true, but is not true in 9. Similarly, show
that there are cw-models 91 in which ¢, is true, but where g;
is made true by 91 but is not true in 9.

Exercise 45 Each of the examples we have given of a contingently
paradoxical proposition p has the following property: if 9; and
My are maximal models in which p is not paradoxical, then p has
the same truth value in each of My and My, ie., Truegy, (p) iff
Truesn, (p). Give an example of a contingently paradoxical propo-
sition for which this fails.

Exercise 46 The Liar proposition is made false by every weak
model, but it is not true in, or false in, any weak model. By way of
contrast, show that one of the intrinsically paradoxical propositions
from Exercise 42, page 101, is true in some weak model. This is
another reason for rejecting them as an adequate representation of
the world.

Exercise 47 Show that every model is properly contained in some
weak model.

Exercise 48 In Exercise 49, we will work out the details of our
treatment of Gupta’s Puzzle. Here we present a simpler version
where it is boiled down to its basic structure.

1. Consider the following sequence of sentences.

¢1: True(that,)
2 : ~True(that,)
@3 : ~True(that,) vV -True(that,)

Let r1, 73, p be the sequence of propositions expressed by this
sequence of sentences. Give equations that describe these
propositions.

2. Show that any closable weak model is compatible with the
following soa’s.
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<T'f‘, 713 1)
(T'r,r2;0)
(Tr,p; 1)

3. Use witnessing functions to show that v, and p are true in any
maximal model, and that ry is false in any maximal model.
Thus, all of these propositions have determinate truth values.

4. Consider the smallest model My containing some set of non-
semantical facts. Show that ri,re, and p are made false by
Moy. Hence none of these propositions is grounded, though
they have determinate truth values.

Exercise 49 This exercise will help the reader flesh out the dis-
cussion of Gupta’s Puzzle. Let

My = {(H, Claire, Ad; 1), (H, Max, Ads; 0} }.

1. Find a sequence of five sentences of £ which mutually express
the five propositions ry, 72,73, p1,p2 from the discussion of
Gupta’s Puzzle.

2. Show that if M is a closable model containing 9y, then there
is a witnessing function w compatible with 91 with the fol-
lowing in its domain: [Fa r],[Tr ro],[Fa r3],[Tr p1], and
[Tr pa].

3. Conclude that if 9 is a maximal model containing 9, then
r1 and r3 are false in IR, while r2, p1, and py are true in M.
Hence all these have determinate truth values over 9.

4. Let M; be the smallest model containing M. Show that
each of r2, 73, and ps are made false by 9;. Conclude that
these propositions are not grounded over 9.

The problem with the Russellian account

We take the various results of this chapter as showing that, within
the Russellian account, maximal models are as generous as possi-
ble to our basic intuitions about truth and falsity. Further gener-
ousity leads to paradox. The Gupta Puzzle is especially relevant
here, since it shows us that we need something approaching maxi-
mality to account for some very basic intuitions, in particular the
intuition that propositions can have truth values even though they
aren’t grounded. What’s more, in maximal models classical logic
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is perfectly legitimate as long as we restrict ourselves to classical
propositions, a class that includes many circular propositions.

Still, there is something very unsatisfactory about the Russel-
lian account. For there is one, rather deeply held intuition about
the Liar that is not respected. Intuitively, one feels that once we
realize that the Liar is made false by a model 9, we ought to be
able to add its falsity (T'r, f;0) to the model 9. Or, to put it more
poignantly, once we see that the Liar really isn’t true, it seems that
this fact should itself be a genuine feature of the world, a feature
capable of influencing the truth or falsity of propositions. But of
course it cannot be. For if it were, this would in turn make the
Liar true, just as the intuitive reasoning predicts, and we would
then have a contradiction, a violation of an even more closely held
intuition.

This problem is deeply embedded in the Russellian account. In
giving this account, we started out with a straightforward treat-
ment of the relation |=, one that involves little more than the usual
truth table semantics for propositional logic. We then placed ex-
tremely minimal conditions on weak models, our preliminary rep-
resentations of the world. First, we demanded that weak models
be coherent, since nothing can simultaneously have a property and
fail to have it. Second, we required that they never make positive
mistakes in their distribution of the property of truth: the facts
concerning truth that they actually contain should indeed be facts
supported by the = relation earlier defined. With weak models, we
imposed no demands of a more stringent sort, even though further
conditions are needed to fully capture our pretheoretic intuitions
about truth. Yet even at this point, the die had been cast: the
counterintuitive partiality of the world was a consequence of the
minimal conditions already imposed.

What are we to make of this odd consequence of the Russellian
account? If we take it seriously, it does indeed yield a diagnosis of
the paradox, but a rather unsettling one. From this perspective,
where our intuitive reasoning goes wrong is in thinking the world
encompasses everything that is the case. Give up this assumption,
and the paradox is avoided: the Liar is not true, but this fact
cannot be a fact in the world, a fact that can be truly described.
But this is a rather big assumption to give up. And, as we’ll see in
Part 111, it is an assumption the Austinian account has no problem
keeping.
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Sentences and Russellian
Propositions

In this chapter we conclude our study of the Russellian account
with some material that will facilitate the comparison with the
Austinian account developed in Part III. We have identified a
class of paradoxical propositions within the Russellian account,
but there will be no such notion in the Austinian framework. Ex-
cept for some slack between sentences and the propositions they
express, everything turns out to be quite straightforward from the
Austinian perspective. All our basic intuitions, both about truth
and about the world, are preserved. Still, there must be something
special about those sentences which, on the Russellian account, ex-
press paradoxical propositions, some Austinian analogue that ex-
plains why they seem so problematic. Thus we need to examine
sentences of £ that express paradoxical Russellian propositions, so
that we can determine what sorts of Austinian propositions they
do in fact express.

Toward this end, we will develop “syntactic” analyses of two
semantical notions, analyses that we can then use when we move
to our new, Austinian semantics. First, we address the question
of when two sentences express the same Russellian proposition. It
turns out that the proof theory we use to answer this question is
also applicable in the Austinian account, and so is useful in proving
various theorems in Part III. Second, we give a syntactic charac-
terization of when a sentence expresses a paradoxical Russellian
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proposition. This characterization will help us track the behavior
of such sentences in the Austinian model. Both of these are in-
teresting problems in their own right, but the reader interested in
going on to the Austinian account could well postpone this chapter
until the material is needed in Chapter 11.

Some proof theory

In this section we address the first question just raised, the ques-
tion of when two sentences express precisely the same proposition.
Notice that we are not asking when two propositions are equiva-
lent, in the sense, say, of having the same truth value in all models,
or in all maximal models. Nor are we asking when two sentences
express propositions that are equivalent in this sense. Rather, we
are asking when two sentences express the very same Russellian
proposition.

Our presentation simplifies the answer to this question in
one way. Our models of Russellian propositions are fairly “fine-
grained,” in that we have chosen to reflect the conjunctive or dis-
junctive nature of a sentence in the structure of the proposition
expressed. We will further simplify things by only considering sen-
tences containing no propositional demonstratives other than this.
Since the proposition expressed by such sentences does not depend
on context, we write Fzp(p) rather than Ezp(p,c). It’s not hard
to extend the results below to the full language.

Example 12 First of all, note that both of the sentences
True(this)

and
True(True(this))

express the Truth-teller . We have seen less trivial examples in
some of the exercises. For another sort of example, consider ¢
given by:

1{(((Claire Has A#)ATrue(this))Vv((Max Has A#)
A-True(this))).

The proposition p expressed by ¢ is also expressed by many other
sentences. For example, if we replace either or both occurrences of
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this by the sentence ¢ itself, the new sentence will still express p,
since this refers to what ¢ expresses.

Once one notices what is going on here, it is easy to generate
many examples of sentences with quite different syntactic struec-
tures, but which still express the same proposition. Our aim, then,
is to find a purely syntactic analysis of the semantical relation:

Ezp(p) = Ezp().

For the purpose of giving proofs that two sentences express the
same proposition, we introduce an auxiliary symbol ==. By an
equation we mean an expression of the form (¢ = ), where ¢
and ¢ are sentences of L. We will describe a proof theory which is
sound and complete, in the sense that

@ = ¢ is provable iff Ezp(p) = Exp(¢).

Our proof theory will have a set of axioms (equations of various
forms) and three rules of proof: Symmetry, Transitivity, and Iden-
tity of Indiscernibles. An equation (@ = ) is provable just in case
it can be obtained from the axioms using the rules of proof, just as
one would expect. The axioms and first two rules are straightfor-
ward. The third rule, Identity of Indiscernibles, is the substantive
rule, and it is unusual. It reflects the fact that the only way for our
propositions to be distinct is for them to have a genuine structural
difference.

Although the = symbol must be flanked by sentences, we state
the four axiom schemata in terms of an arbitrary subformula ¢ of
a sentence ... .... The axioms are any L instances of one of the
following equations.

Azioms:
1. ...0 ... = o,
2. oo(eAY) . = (e Vo).
3. VvY).. .= (e AL

4. ... lp... = .. p(this/ly)...
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We trust that no discussion of the first three axiom schemata
is called for. As for the fourth, we first remind the reader that
the notation ¢(this/|y) indicates the result of replacing all loose
occurrences of this in ¢ with | . This schema is sound, since
our semantics guarantees that all loose occurrences of this in ¢
refer to the proposition expressed by | ¢, so we can replace the
former by the latter without affecting the proposition expressed.
Note that if ¢ is itself a sentence, a trivial instance of this axiom
is the equation |¢ = ¢. Thus this axiom allows us to get rid of
any vacuous occurrences of the scope indicator. More important,
though, by using this axiom we can effectively move all nonvacuous
scope indicators inside the scope of a relation symbol, since that
is where the demonstrative this must occur. This will become
important when we introduce the notion of normal form.

Rules of Proof:

We now list the three rules of proof, though the third one will
take some explanation, which follows.

Symmetry. From ¢ = 3 infer ¢ = ¢.
Transitivity: From ¢ = ¢ and ¢y = § infer ¢ = 6.

Identity of Indiscernibles (I-I): If S is a finite! homogeneous set of
equations, then for any equation ¢ = v in S, infer ¢ = 9.

We postpone the definition of the term “homogeneous” used in
the rule I-7 for a bit. In the meantime, say that an equation ¢ = ¥
is patently obuvious if it follows from the axioms by means of the
rules of symmetry and transitivity. We take it as obvious that all
of these axioms and rules are sound.

We will say that a formula ¢ is in normal form provided: (i)
the negation symbol precedes only positive atomic formulas, and
(i1) every instance of the scope symbol occurs within some atomic
formula.? The main point of the notion of patently obvious is to
allow us to transform any equation into one where the sentences
related are in normal form. It is important that we can do this

IThe rule is both sound and complete with or without the hypothesis of
finiteness.

2In this definition, we are considering ('Irue ¢) and (a Believes ¢) as
atomic formulas.
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without using the rule I-I, since that rule will depend on such
transformations.

Lemma 20 (Normal Form Lemma) For each sentence @ there is
a sentence @' in normal form such that ¢ = ¢’ is patently obvious.

Proof: We first prove the following. (1) If ¢ is a formula in normal
form and —¢p is a subformula of a sentence ...~ ..., then there is
a formula ¢* in normal form for which the equation

N *

LT = et

is patently obvious. This we prove by induction on formulas ¢ in
normal form. For example, using Axiom 2, we have

(@A) = eV

Then, using the inductive hypothesis and transitivity, we obtain

A7) D7, AV T/ A

where ¢* and ", and so ¢* V ¢*, are in normal form.
Next we observe (2) that if a formula ¢ is in normal form, then
@(this/|p) is also in normal form, and further,

.o = p(this/le) ...

is patently obvious, by Axiom 4. Using these two facts, we can
prove by induction that for any subformula ¢ of sentence ... ...,
there is a ¢’ in normal form for which

— /

.=l
is patently obvious. The desired result is an instance of this. O

The basic idea of the rule I-I can be understood as follows.
Suppose we want to prove ¢ = ¢. We know that the proposi-
tions expressed by these sentences will be the same unless there
is something about the sentences that generates a genuine struc-
tural difference between the propositions they express. So let us
conjecture that the sentences express the very same proposition,
by assuming the equation ¢ = . We then try to demonstrate
that there is no significant structural difference between the sen-
tences by finding a “homogeneous” set of equations containing our
assumption, where a homogeneous set will prove that there is no
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such structural difference. If we can find such a set of equations,
then the original equation is valid. Before defining just what a
homogeneous set of equations is, we discuss one of the simplest
possible illustrations of I-1.

Example 13 Here is an illustration of how this method of proof
works in the case of the following equation.

|True(this) = |True(True(this))

To find a homogeneous set S of equations containing this equation,
we apply the Normal Form Lemma to obtain normal form equa-
tions. Then whenever we find that we have committed ourselves to
an equation True(y) = True(y) being in S, we add ¢ = 1 to S.
If we were ever to find, say, an equation of the form True(p) =
where ¢ was in normal form but not of the form True(zy), then
we would run afoul of homogeneity: we would have uncovered a
structural difference that will be reflected in the propositions these
sentences express. However, in this example we do not encounter
such problems. The process rapidly closes off, showing that the
sentences do express the same proposition.

We now turn to a precise statement of the rule I-1. To aid in
the statement of the following definition, let us define the extension
Eg of a set S of equations to be the set of all sentences ¢ such that,
for some ¢, ¢ = ¥ is in §. If ¢ and 3 are in normal form, we say
that the equation ¢ = 1 is af least plausible if one of the following
holds:

e both ¢ and ¥ are conjunctions, or both are disjunctions;

e both ¢ and 1 are atomic sentences involving the predicate
True, or both are negated atomic, involving = True;

e both ¢ and % are atomic sentences of the form a Has ¢ and
they are equal;

e both ¢ and ¢ are negated atomic sentences of the form —(a
Has c) and they are equal;

e both ¢ and 1 are atomic sentences of the forms (a Believes
o) and (a Believes 1), respectively, with the same indi-
vidual constant a; or
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e both ¢ and ¥ are atomic sentences of the forms —(a Believes
wo) and —(a Believes ), respectively, with the same indi-
vidual constant a.

Definition 12 Let S be a set of equations of £. We say that S is
homogeneous provided the following conditions hold.

o If ¢ € Fg then there is a patently obvious equation ¢ =
in S such that ¢ is in normal form.
e S is closed under the rules of symmetry and transitivity.

o If o = ¢ is in S, where both ¢ and ¢ are in normal form,
then ¢ = 1 is at least plausible.

o If o1 Ay = 91 At)g isin S, then so are either both ¢ = ¢
and @y = Y2, or both ¢1 = ¥y and s = 9.

e If o1 Vg = 11 Vg is in S, then so are either both @1 = 9
and g9 = 19, or both 1 = ¥y and o = Y.

o If f(this) is either an atomic or negated atomic formula and
B(this/p) = 6(this/¢) is in S, then ¢ = ¢ is also in S.

Oddly enough, the soundness of this rule, and hence of the
proof theory, is less obvious than its completeness. To motivate
the proof of soundness, we present the following exercise.

Exercise 50 Consider the sentence ¢ =
l((a Has ¢) A True(this))
and the sentence ¢ =

1(True(True(this) A (a Has ¢)) A (a Has c)).

1. Show that both ¢ and ¥ express the proposition p given by
the equation

p=[a Hc]A[Trp]

2. Find a homogeneous set of equations containing ¢ = 3.

3. Show that = defines an cquivalence relation on the set of
sentences in S, with three equivalence classes, Si,S53, and
S3, where the sentences in S; express [a H c], those in Sy
express p and those in S3 express [Tr p).
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Lemma 21 If S is a homogeneous set of equations and @ = i is
in S, then Ezp(p) = Exp(y).

Proof: The proof is simply a generalization of Exercise 50. Since S
is closed under the rules of symmetry and transitivity, the following
defines an equivalence relation = on Eg:

p=yiff (p=P)e S.

We let e,¢’,... range over equivalence classes [¢], for ¢ € Ejs.
For each such equivalence class e, introduce a propositional inde-
terminate p.. We want to find a system &£ of equations in these
indeterminates, say,

Pe = ae(pevpe’: .. -)7

where a. reflects the set-theoretic structure of the proposition ex-
pressed by sentences in e. We will read this structure off the normal
form sentences in e. Let us consider a couple of cases.

Suppose we find a normal form sentence ¢ in e of the form (a
Believes ¢p). Then every normal form sentence v in e is of the
form (a Believes 1)), and furthermore, o = 9. Let eg = [pg].
Then the equation we want is:

pPe = [a Bel pe,]-

(Note that it is possible that e = ep, so this might be an equation
of the form p, = [a Bel p.].)

Now consider an equivalence class e where some, hence all,
normal form sentences ¢ € e are of the form (g A p1). Let eg =
[#o], €1 = [1] and let the equation for p. be

Pe = /\{peo y Pey }

The clause for A in the definition of homogeneous insures that this
is well defined.
Now let F' be any assignment to these indeterminates satisfying

F(p.) = Ezp(p) for some ¢ € e.

It is clear that F satisfies all these equations. However, by the
Solution Lemma, each system of equations has a unique solution.
Consequently, there is only one such assignment, that is,

F(pe) = Ezp(yp) for all p € e.
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In other words, if (¢ = )€ S, then Ezp(¢) = Exp(y). D

With this lemma, we can now prove the following:

Theorem 22 (Russellian Soundness Theorem) For any two sen-
tences p, v of L, if the equation ¢ = 1) is provable, then Exp(p) =
Ezp(¢).

Proof: This is proven by induction on the length of the derivation.
The only nontrivial step is the rule I-I, which is taken care of by
the previous lemma. O

We now turn to the converse, the question of completeness.
Again, we begin with an exercise.

Exercise 51 Let S be the set of all equations of the form ¢ =
where ¢ and ¢ are normal form sentences and Fzp(p) = Exp()),
or else where ¢ = 1) is patently obvious. Show that S is homoge-
neous.

Theorem 23 (Russellian Completeness Theorem) For any two
sentences @,y of L, if Ezp(¢) = Ezp(y) then the equation ¢ = 1
s provable.

Proof: Assume Ezp(p) = Ezp(y). By Lemma 20, we can also
assume that ¢ and ¥ are in normal form. We want to show that
there is a finite homogeneous set S of equations with (¢ = ¢¥) € S.
Given the above exercise, the only problem comes in the finiteness.

Let A be a finite set of sentences containing ¢ and v, and closed
under the following:

1. If (¢ AY) € A then ¢, 9 € A.
2. If (¢ V) € A then ¢, 9 € A.

3. If #(this) is atomic or negated atomic and 6(this/¢) € A
then ¢ € A.

4. If ¢ € A then there is a normal form ¢’ such that (¢ = ¢')
is patently obvious, and ¢’ € A.

To see that there must be such a finite set, note that the closure
conditions all involve direct decomposition, with the exception of
condition (4). But this condition will only be invoked when we have
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a sentence ¢ € A which is not in normal form. Since we started
with normal form sentences, this can only happen if 8(this/¢) € A
and ¢ =|4, where ¥ is in normal form. But then |4 = ¢(this/
L) is patently obvious, and ¢(this/|) is in normal form. In
decomposing this, we will come back to | in a finite number of
steps, thus closing off the process.

Now simply let .S be the set of all equations of the form (pp =
o) such that @o, 10 € A, and Ezp(po) = Ezp(yp). Then S is a
finite homogeneous set and (¢ = ¢) € §. O

Corollary 24 The relation on L sentences of expressing the same
proposition is a decidable relation.

Proof: This can be seen by examining the proof of the Complete-
ness Theorem, where it is seen that one can delimit in advance the
set of possible equations that are relevant to a proof: the set must
be some subset of A x A. O

Exercise 52 Carry out the details of the proof of Example 13,
page 111.

Open Problem 1 Extend the Completeness Theorem given here
to characterize, for arbitrary open formulas, the relation Val(p) =

Val(v)).

Paradoxical sentences

In this section we continue to ignore sentences with the demon-
stratives that; in them, so that each sentence ¢ under consider-
ation expresses, on the Russellian conception, a unique proposi-
tion Fxp(y). In this way we can transfer properties and relations
that hold of propositions to properties and relations holding of the
sentences that express them. For example, we could say that a
sentence ¢ is false in a model M, or is classical, or is intrinsically
paradoxical, just in case the proposition Fzp(p) expressed by ¢
is false in 9, or classical, or intrinsically paradoxical. Our aim in
this section is to characterize some of these properties of sentences.

The characterizations are not particularly pretty, but they do
give us the tools we need. Our real objective is to compare and
contrast the Russellian and Austinian accounts, and what they
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say about truth, paradox, and the world. The notions introduced
below will allow us to carry out this comparison in Part ITI.

Definition 13

1. A syntactic witnessing function w is a partial function from
normal form sentences of L to sets of atomic sentences satis-
fying the following conditions.

o If ¢ = (True ¢) € dom{w) then there is a normal form
sentence ' € dom(w) such that ¢ = ' is patently
obvious and w(y) U {¢} C w(yp).

o If ¢ = —(True ¢) € dom(w) then there is a normal form
sentence ¢ € dom(w) such that -y = 1’ is patently
obvious and w(y') U {¢} C w(ep).

¢ If p is an atomic or negated atomic sentence not covered
by the above and ¢ € dom(w), then ¢ € w(p)

o If ¢ = (91 A ) € dom(w) then 1,1 € dom(w) and
w(th1) Uw(yz) € w(e).

o If ¢ = (¢1 V ¢2) € dom(w) then either ¥ € dom(w)
and w(t1) C w(p), or ¥y € dom(w) and w(ty) C w(p).

2. A set of sentences ® of L 15 superficially consistent if there
are no sentences @,1 € @ such that the equation —p =
¥ is valid, i.e., if no proposition and its negation are both
expressed by sentences of .

3. A syntactic witnessing function w is consistent if the set & =
U{w(p) | ¢ € dom(w)} is superficially consistent.

4. A set ® of normal form sentences is consistent if & C dom(w)
for some consistent syntactic witnessing function w. An arbi-
trary set @ of sentences is consistent if there is a consistent set
@’ of closed normal form sentences such that every expression
p € ® expresses the same proposition as some ¢’ € ¢’.

Theorem 25 (Sentential Model Existence Theorem) A set ® of
normal form sentences is consistent iff there is a model M such

that for each ¢ € ®, M = Exp(yp).

Proof: Assume that ® is consistent, and so is a subset of dom(w),
where w is a consistent syntactic witnessing function. We trans-
form w into a witnessing function w’ for the set of propositions
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P = {Ezp(p) | ¢ € O} in an obvious way. Namely, each atomic
or negated atomic sentence ¢ is associated with the natural soa
o, needed to guarantee the truth of ¢. For example, if ¢ =
(a Believes ) then o, = (Bel,a, Ezp(1);1). Using these, we
can define
w'(ih) ={oy, | ¢ € w(¥)}

for each 1 € dom(w). Tt is now routine to verify that w' is a wit-
nessing function. It is coherent since w is consistent. Thus the re-
sult follows from the Extended Model Existence Theorem, stated in
Exercise 39, page 92. The converse direction is straightforward. O

Corollary 26 A sentence ¢ expresses an intrinsically paradoxi-
cal Russellian proposition iff every syntactic witnessing function w
with (¢ V —p) € dom(w) is inconsistent.

We want to extend the theorem to give us a test for when a set
of sentences has a model 9 extending some given model 9,. We
do this as follows, using the association of soa o, with sentence ¢
used in the previous proof. First, we say that a set ® of atomic
sentences is superficially consistent with 9 if My U {0, | ¢ € D}
is coherent. Note that in general this condition does not guarantee
that this collection is even a weak model. Next, we say that a
syntactic witnessing function is consistent with 9 if the union
of its range is superficially consistent with 9. Finally, we say
that a set ® of normal form sentences is consistent with 9y if
® C dom(w) for some syntactic witnessing function consistent with
M. Extending the proof of the above in the obvious way, we have:

Theorem 27 (Extended Sentential Model Existence Theorem) A
set @ of normal form sentences is consistent with My iff there is a
model M D My such that for each ¢ € O, Trueo (Ezp(p)).

Exercise 533 Use the Sentential Model Existence Theorem to
prove a version of the Compactness Theorem for our language £:

Theorem 28 (Compactness Theorem) Let ® be a set of sentences
such that every finite subset has a model (extending some model
My). Then @ itself has such a model.

(Hint: Enumerate the closed normal form sentences of £ in an w-
sequence 1, 0s,0s,..., and build the domain of a consistent syn-
tactic witnessing function in stages. Make sure that as you define
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stage wy, d = dom(wy,) has the following property t{: For each finite
subset @y of ® there is a consistent syntactic witnessing function w
with ® Ud C dom(w). The crucial step is the one for disjunctions.
Given a disjunction 6, = (31 V v¥2) such that dom(w,) U {f,} has
T, there is an ¢ = 1,2 such that dom{w,) U {f,,%;} has j. One
then throws ¢; into dom(wp41).)
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Modeling Austinian Propositions

According to the Russellian view of language, when we use a sen-
tence like

(Claire Has 3é&)

containing no explicit contextually sensitive elements, the propo-
sition is uniquely determined by the sentence used.! But on the
Austinian view, this is never the case; there is always, in effect, at
least one contextually sensitive feature of the utterance, namely,
the situation the proposition is about. Thus, according to Austin,
the sentence (Claire Has 3&) can be used to express different
propositions, propositions that diverge in the situation they are
about.

Even in the case of such a simple sentence, there is a significant
difference between these two accounts. We might imagine, for ex-
ample, that there are two card games going on, one across town
from the other: Max is playing cards with Emily and Sophie, and
Claire is playing cards with Dana. Suppose someone watching the
former game mistakes Emily for Claire, and claims that Claire has
the three of clubs. She would be wrong, on the Austinian account,
even if Claire had the three of clubs across town. On the Russellian
account, though, the claim would be true.

LOf course, this presupposes that the terms Claire and 3& refer to unique
individuals, independent of use. But we are setting aside this element of
context sensitivity.
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The added degree of freedom offered by the Austinian concep-
tion of language becomes increasingly significant when we consider
linguistic mechanisms that bring in “nonpersistence,” mechanisms
like denial, universal quantification, and definite descriptions. Sup-
pose that we were to claim, about the first of the above card games,
that everyone has at least three of a kind. It is clear that the in-
tent of our assertion is to describe a limited part of the world. In
particular, we are not claiming anything about Claire or Dana’s
hands. In terms of the Austinian account, our assertion is true
about the situation we are talking about, but might be false about
other situations. We will say that the sentence is nonpersistent, in
this case because it can express a true proposition about one sit-
uation, but express a false proposition about an extension of that
situation.

Once we adopt the Austinian perspective, we see that there are
many different ways a sentence can be nonpersistent. An important
kind of nonpersistence arises with sentences containing definite de-
scriptions like “the dealer.” If we say that the dealer has sticky
fingers, our statement will only successfully express a proposition
if the situation it is about contains a unique dealer; otherwise it
simply misfires. In this case, the sentence is nonpersistent since it
can express a true proposition about one situation, but might not
even express a proposition if used about a larger situation. Rus-
sell’s view of propositions forced him to forgo this simple account
of definite descriptions. He construed sentences containing defi-
nite descriptions as expressing uniqueness claims about the entire
world.

We will see that issues concerning changes in the situation a
proposition is about, and so of persistence and nonpersistence, are
crucial to understanding the behavior of the Liar on the Austinian
account. But before we can discuss this in any detail, we need to
develop some basic machinery for modeling Austinian propositions
in a precise way.

Basic definitions

We remind the reader that an Austinian proposition is determined
by two constituents: a situation determined by “demonstrative
conventions,” and a type determined by “descriptive conventions.”
The proposition p is true if the situation the proposition is about,
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About(p), is of the constituent type, Type(p). To model such propo-
sitions, and the attendant account of the relation between language
and the world, we will nced four classes: states of affairs (SOA),
situations (SIT), types (TYPE), and propositions (PROP). They
must be defined simultaneously, since, for example; situations are
constituents of propositions and vice versa. Later we will introduce
the notion of a model of the world. The notions of fact and actual
situation will be relative to a given model of the world.

Before giving the definition, we remind the reader of the two
versions of the definition of the class PROP in Part II, one that
detoured through the larger class PrePROP, the other that em-
ployed an inductive operator (see Exercise 28, page 68) and thereby
avoided the detour. This time around, we will not bother with
the detour, but will take the direct approach. So in the following
definition, the closure T'(X) of X is again the smallest collection
containing X and closed under:

o If Y CT(X) is a set, then [A Y] and [\ Y] are in ['(X).

In the following definition we define the class AtTYPE of atomic
types. We take the class TYPE of all types to be its closure
T'(AtTYPE). This procedure allows us to avoid, in the Austinian
model, problems analogous to those caused by the nonsubstantive
Russellian prepropositions.

Definition 1 Let SOA, SIT, AtTYPE, PROP be the largest
classes satisfying:
e Every o € SOA is either of the form:
o (H,a,c;i), or
o (T'r,p;i), or
o {(Bel,a,p;i);

where H, T'r, and Bel, are distinct atoms, a is Claire or Max,
¢ is one of the standard cards; 7 is either 0 or 1; p € PROP.

e Every s € SIT is a subset (with stress on set) of SOA.

e Every p € PROP is of the form {s;7T'}, where s € SIT and
T € T(AtTYPE).

e Every T € AtTYPE is of the form [¢], where o € SOA.
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As in the Russellian case, there are some comments that should
be made. We are again assuming some standard technique for sys-
tematically representing distinct objects by distinct sets. For ex-
ample, we aren’t concerned with exactly how elements of PROP are
distinguished from elements of TYPE, except that they should be
so distinguished. Thus, we use {s; T} for that set-theoretic object
which represents a proposition completely determined by the situa-
tion s and type T, and we use [g] for a type completely determined
by the state of affairs 0.2 Just how these are represented by sets
will not really matter. If p = {s; T}, we will use About(p) for the
situation s that the proposition is about, and Type(p) for the con-
stituent type T". So for any proposition p, p = {About(p); Type(p)}.

We need to define various properties and relations that hold
among these things, like the relation on SIT x TYPE of a situa-
tion’s being of a type, and the property of a proposition’s being
true. But before doing this, let’s run through a few examples of
the new objects at our disposal, and describe the intuitions our
definition is meant to capture.

Example 1 Let p = {s;[H, Claire, 3&;1]}.> We want to define
the relations mentioned so that this faithfully models the Austinian
proposition about s, that claims that s is of the type in which Claire
has the three of clubs. Given that we are modeling situations as
sets of states of affairs, this proposition should in turn be true just

in case (H, Claire, 3d; 1) € s.

Example 2 (Austinian Liars) For any situation s and proposition
p, there is a proposition which claims that p is false in s, that is,
that its falsity is a fact of s. This is the proposition:

F(s,p) = {s;[Tr,p; 0]}.

Using AFA, we obtain a fixed point, fs, which is the unique propo-
sition p = F(s,p). That is, we obtain, for each s, the liar proposi-
tion:

fs = {s;[Tr, f5; 01}

2 One might in fact want to identify the state of affairs ¢ with the type [o].
While we do not make this identification, we will adopt an abbreviation
when describing atomic types that allows us to leave out the angle brackets.
Thus, for example, instead of writing [(H, Claire, 3&;1)], we will simply
write [H, Claire, 3é; 1]. This convention increases legibility.

3Recall from footnote 2 that this is shorthand for {s; [(H, Claire, 3&;1)]}.
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The proposition f, claims that the falsity of f; is a fact about s.

Example 3 (Austinian Truth-tellers) There is, for any s, a Truth-
teller proposition:
ts = {s;[Tr,ts;1]}.

Example 4 (Liar cycle) Consider the Liar cycle, say of length two.
Imagine two people, say a; and ag, and suppose each expresses a
proposition, p; and ps, respectively, where p; claims that p, is true,
while pe claims that p; is false. On the Austinian account, these
propositions must be about situations, say s; and ss. They might
be the same situation, or they might not. Thus in the general case,
we have the following propositions.

p1 = {s1;[T'r,p2; 1]}
p2 = {s9; [T'r, p1;0]}

Example 5 Next consider the case where two people each use the
sentence “This proposition is true but that proposition is false” to
make contradictory claims about one another. To model this, we
can consider two situations uy and uy, and the propositions:

p1 = {uy; [T, p1; 1 A [Tr, pa; O]}

p2 = {ug; [[Tr,p2; 1] A [T, p1; 0]]}.

Each of these claims that its own truth and the other’s falsity are
facts of the situation it is about.

Example 6 Let p be the proposition defined in Example 1, and
let ¢ be the proposition {s;[Bel, Max, p; 1]}. This is a proposition
that is about the same situation p is about. It claims that s is the
type of situation in which Max believes Claire has (then and there)
the three of clubs.

Example 7 For a more sophisticated example, consider the prop-
osition b,, about s, with the following type.*

[[H, Claire, 3&; 1] A [Bel, Max, bs; 1] A [Bel, Claire, bg; 1]]

4Note that we are using an obvious abbreviation for the conjunctive type in
question.
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This proposition claims that s is a situation in which Claire has
the three of clubs, and in which this is mutually believed by Claire
and Max. Under idealized conditions, this proposition implies that
Claire believes that Max believes that she has the three of clubs,
as well as further iterations (though the conditions become less
plausible with further iterations).> The fact that we can model
such a proposition depends, of course, on AFA.

Example 8 For any proposition p (and situation s), consider the
proposition that claims (about s) that Max believes p, but that p
is false.

{s:[[Bel, Max, p; 1] A [T'r, p; 0]]}

Again, by AFA, we can obtain a fixed point.
q = {s;[[Bel,Max, ¢; 1] A [Tr,q; 0]]}

This proposition is Liar-like in character. It will be true only if
Max has a belief that that very belief is false.

Truth of Austinian propositions

With these examples to guide and motivate us, let’s turn to the
definition of the class of true propositions. To define what it means
for an Austinian proposition to be true, we must first define what
it means for a situation to be of a type. We do this by defining the
class OF of pairs (s,T) such that s is of type T.

Definition 2 Let OF be the unique subclass of SIT x TYPE sat-
isfying the following conditions.

o (s,]0]) € OFiff o € s.
o (s,[NX]) € OF iff (s,T) € OF, forall T € X.
o (s,[VX]) € OFiff (s,T) € OF, for some T € X.

It is important to note that, for example, saying a situation
s is not of type [H, Claire, 3&; 1] is not equivalent to saying s is
of the dual type [H, Claire, 3&;0]. We take this as capturing an
important intuition about the partiality of Austinian situations:
there is a difference between situations in which Claire fails to have

5Sec, e.g., Harman (1977) or Barwise (1985).
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the three of clubs, and situations which simply don’t determine
whether Claire has that card (perhaps because Claire is not even
around).

As in the Russellian case, it is not entirely obvious that Defi-
nition 2 is legitimate. The following proposition guarantees that
there is a unique class satisfying this definition. Though simple,
the proposition is important for modeling the Austinian notion of
truth.

Proposition 1 There is a unique class OF satisfying definition 2.
Hence, for any s and T':

1. Situation s is either of type T or it isn’t, and not both.

2. Situation s s of type [o] if and only if o € s.

3. Situation s is of type [\ X] if and only if s is of type T for
eachT € X.

4. Sttuation s is of type [\ X] if and only if s is of type T for
someTl € X.

Proof: The uniqueness of OF follows from the inductive character
of the class TYPE. This result is the Austinian analogue of Lemina
4 on page 76, and is proved similarly. (1)--(4) are immediate con-
sequences of the uniqueness of OF. O

We will define the class TRUE to be the class of those p €
PROP such that p = {s;T} where s is of type 7. We call any
proposition in this class true, and all others false. This definition
has the following expected and desirable properties:

Proposition 2

1. Ewvery proposition is either true or false, and not both.

2. The proposition {s; [o]} is true if and only if o € s.

3. The proposition {s; |\ X} is true if and only if {s; T} is true
for eachT € X.

4. The proposition {s;[\} X} is true if and only if {s; T} is true
for some T € X.

v

. Some propositions are true, some are false.



128 Austinian Propositions and the Liar

Proof: Parts (1) (4) are immediate from the corresponding parts
of Proposition 1. To prove (5) consider the type T = [o] where
o = (H, Claire, 3&; 1). Let so be any subset of SOA not containing
o, s1 any subset of SOA containing ¢. Then {s1;T} is true and
{s0; T'} false; both by (2). O

Notice once again that, although every proposition is either true
or false, it might be the case that both of the following propositions
are false.

{s;[H, Claire, 3¢; 1]}
{s;[H, Claire, 30; 0]}

Again, this will happen if s is a situation where Claire simply isn’t
present, and so neither has the three of clubs in s nor fails to have
it in s. In other words, the situation s would then be of neither of
the types it is claimed to be in these propositions.
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Austinian Propositions and the
World

Accessible Austinian propositions

At first sight, there is something startling about the simple re-
sults of the last chapter, especially Proposition 2. This proposi-
tion seems to indicate that Austinian propositions, at least as we’ve
construed them, are true or false independent of the way the world
actually happens to be. After all, we have defined the notions of
proposition and truth without bringing in the world at all. There
are two ways to think about this, ways that are formally indis-
tinguishable in our modeling, but which still raise philosophically
interesting issues.

One line that could be taken is that this result is just an artifact
of our use of sets to model situations. Real Austinian propositions
are about real situations, not about their set-theoretic counter-
parts. Where the world comes in (on this line) is in determining
what the facts are in a given real situation, and so what its ap-
propriate set-theoretic counterpart is. In other words, if the world
were different, the same situation would be modeled by a different
set-theoretic object, a different member of SIT. This is analogous
to what happens when we model properties with sets: the same set
could not have had different members, though the same property
could well have applied to different things. But all this means is
that, had the world been different, the same property would have
had a different set-theoretic counterpart, not that the modeling
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technique is thereby faulty, or that properties hold of their objects
necessarily. As an artifact, it signifies nothing.

A different line would be to say that the individuation of real
situations is itself determined by the facts that hold in them,
so that situations, like sets, could not have had different “con-
stituents.” In which case, whether or not a situation is of a given
type really is independent of the world. What the world deter-
mines is simply which situations are real or actual; it has nothing
to say about what facts hold in a given situation. On this line, the
move from a situation to its set-theoretic counterpart is entirely
independent of the world, though the question of whether a given
member of SIT corresponds to a real situation still requires that
we consult the world.

For our purposes there is no need to take a stand on this issue.
The issue concerns the metaphysics of real (“historical”) situations,
and the question of whether the same situation could have had
different facts as constituents. Either way we look at it, though, we
have available a superfluity of “propositions” in PROP, namely all
those that are about sets that aren’t counterparts of real situations.
Or, to put it more gently, the propositions are really divided into
two classes, those that are about real situations and those that are
about nonreal situations. Only those that are about real situations
can actually be expressed, on Austin’s account. We will say that
all other propositions are inaccessible in the actual world.

Notice, though, that to restrict attention to propositions that
are about real situations is not to restrict attention to true propo-
sitions. There are still false propositions about real situations, just
as there are true propositions about unreal situations.

The distinction between propositions that are accessible and
those that are not is important to understanding the Austinian
Liar. To this end, we will turn in the next section to the task
of modeling the world. This will enable us to distinguish acces-
sible propositions from those that are not. But first we note the
following proposition.

Proposition 3 There are true Liars and false Liars.

Proof: There are obviously situations s such that the Liar f; about
s is false. For example, any situation that only contains states of
affairs of the form (H,a,c;4) will be such a situation, by part (2)
of Proposition 2. Further, we can extend any situation s to one
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whose Liar is true by using AFA to obtain an s’ = sU{(Tr, fs;0)}.
Again apply (2) from the previous result. O

The proof of this proposition actually gives us the following,
which will be useful.

Proposition 4 Given any situation s, there is a situation s’ D s
such that the Liar proposition f. about 5’ is true.

Exercise 54 Show that for any situation s, there is a situation
s’ O s such that the Liar proposition fsr about s’ is false. (Hint:
The notion of a protected situation, introduced in the next chapter,
is useful here.)

Modeling the Austinian world

To depict the role the actual world plays in the Austinian frame-
work, we need to bring in models of the world and introduce the
notion of a proposition being accessible relative to a given model 2
of the world. As in the Russellian case, we also bring in coherence
conditions to rule out various sorts of logical incoherence in these
models. The coherence conditions are a bit simpler, though, since
the truth of a proposition p need not be relativized to the model 2.

Definition 3
1. A partial model 2 of the world is a collection of SOA’s satis-
fying the following conditions.
e No soa and its dual® are in 2.
o If (T'r,p;1) € A then p is true.
o If (Tr,p;0) € 2 then p is false.

2. A situation s is actual in model A if s C ; it is possible if it
is actual in some model 2.

3. A proposition p is accessible in a model A if About(p) is actual
in 2L

4. A model & is fotal if it is not properly contained in any other
partial model.

!By the dual of an soa ¢ we mean, of course, the soa 7 just like o but with
the opposite polarity.
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Qur definition of a total model is parallel to that of a Russellian
maximal model. But in the Russellian case, maximal models are
not really total, in the obvious sense that they cannot contain
every state of affairs or its dual, thanks to Liar-like phenomena.
In contrast, the following shows that we are justified in calling
maximal models total in the Austinian case.

Proposition 5 Let be a total model. Then for any soa o, exactly
one of o and its dual are in A. In particular:

o For a € {Claire, Maz} and ¢ any card, either (H,a,c;1) or
(H,a,c;0) is in A, and not both.

e Fora € {Claire, Maz} and p any proposition, either (Bel, a,
p;1) or (Bel,a,p;0) is in A, and not both.

o (Tr,p;1) € A iff p is true.
o (Tr,p;0) € A iff p is false.

Proof: Consider the last item, since it is the surprising one. Sup-
pose 2 is a total model and p is false. Then AU (Tr, p; 0) is also a
model, and so must be equal to ™. O

Trivial as this proposition may be, it indicates that something
strikingly different is happening on this view of propositions. Let
us now return to the Liar. Recall that any given proposition is
either true or false, and not both.

Theorem 6 Let s be an actual situation in some model. Then
the Liar proposition about s, fs, is false. In other words, any Liar
proposition accessible in a model is simply false.

Proof: If f4 is true, then (T'r, f; 0) € s. But s is actual in some 2,
and so f, must be false by the definition of a model of the world. O

The falsity of any Liar f; accessible from a total model & should
not surprise us, in view of our experience in the Russellian case.
What is striking here, however, is that Proposition 5 assures us that
the corresponding fact, {I'r, f4;0), will be a part of 2, even though
it diagonalizes out of s. This would seem to leave us perilously
close to paradox. For after all, if fy is false, doesn’t that make
it true? Obviously not, since all we’ve done so far is construct a
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model within a demonstrably consistent set theory. But this alone
does not provide the kind of diagnosis we are after. In subsequent
sections we will see that there are actually at least three different
things going on here; none of them paradoxical, though all easily
overlooked.

Let’s now turn to the Truth-teller. The intuition we wanted to
capture here is that its truth value is up for grabs. The Austinian
approach captures this intuition in the following way. The sentence
that expresses the Truth-teller can be used to make statements
about various actual situations. Some of the resulting proposi-
tions are true, while others turn out to be false. All, though, are
accessible, their constituent situations being actual. It should be
emphasized that this is quite different from the Liar propositions,
since all the accessible Liars are false.

Theorem 7 Let A be any total model of the world. For some
actual situations s, the Truth-teller:

ts = {s;[Tr t5;1]}
s true, for other actual situations it is false.

Progf: Obviously ¢, is false for any situation that contains no se-
mantical facts. To show that there are actual situations whose
Truth-tellers are true, we start with any actual situation s and
consider t4/, where s’ is the situation s U {(T'r,ts:;1)}. Since ¢y
is true, the state of affairs (I'r,t,;1) must be in 2, and so s’ is
actual. O

Recall that just as there are true Truth-tellers and false Truth-
tellers, there are true Liars and false Liars. The difference is that
none of the true Liars can be about actual situations.

Exercise 55 Show that for any actual situation s (in some total
model &), there is an actual s’ O s for which ¢, is true, and another
actual s” D s for which t, is false.

The T-schema in the Austinian world

What happens to the intuitions that make the Liar and related
propositions paradoxical on this account? That is, once we see
that a Liar f is false, why don’t we discover that it is true, and
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so paradoxical? We know this is not so, by the first part of Propo-
sition 2, but why? To answer this we introduce the notions of
T-closed and F-closed model and situation.

In our treatment of Russellian propositions, we learned that we
had to give up one basic intuition. We could keep the Russellian
version of the T-schema, but we had to give up the intuition em-
bodied in the F-schema, the intuition that if a proposition is made
false by the world, its being false is itself a fact of the world. We
now turn to the Austinian versions of the schemata, to see how
they fare here. What moral does the Liar now hold?

Let us say that a model % is T-closed if, for any true proposi-
tion p, {T'r,p; 1) € A; A is F-closed if, for any false p, (T'r,p; 0) € 2.
Say that a model is semantically closed if it is both T-closed and
F-closed. The following is an immediate consequence of Proposi-
tion 5.

Proposition 8 Every total model is semanticelly closed.

For the remainder of this section, let us fix some total model 2
of the world, and treat all notions (like accessible proposition and
actual situation) as relative to this model. Proposition 8 shows
that on the Austinian account, we do not need to abandon the
intuition behind the T- and F-schema at all, at least not for the
world at large. But what about for situations, the parts of the
world that, on the Austinian view, we actually talk about? Can
actual situations be T-closed and F-closed?

The answer is “no,” but for somewhat artifactual reasons. That
is, situations are sets, but the collections of true and false proposi-
tions are both proper classes, so no situation can contain enough
facts to be either T-closed or F-closed. However, this reason is not
very compelling. It seems that we ought to have a local, restricted
notion of T- and F-closure that would not permit the unsatisfying
answer forced on us by the set/class distinction.

The first thing one might think of is this. For any set P of
propositions, say that a situation s is T-closed with respect to P
if, for any true proposition p € P, (Tr,p;1) € s: while s is F-
closed with respect to P if, for any false p € P, (T'r,p;0) € s. The
following result shows that for any fixed set P of propositions, we
can always assume we are dealing with a situation that is both T-
and F-closed with respect to P.
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Proposition 9 For any actual s and set P of propositions, there
15 an actual ' O s that is both T- and F-closed with respect to P.

Proof: The set containing (T'r, p; 1) for all true p € P, plus (T'r, p; 0)
for all false p € P, is a subset of 2. Hence so is the union of this
set and s. O

This result might seem a bit surprising at first. After all, what
about the Liar? Our experience in the Russellian case would sug-
gest that the Liar should prevent some kind of F-closure. Indeed
there are a number of ways of seeing that the above notions of
T- and F-closure do not adequately capture the intuitions behind
the T- and F-schemas. Consider, for example, the following simple
observation.

Proposition 10 Let P be any set of propositions and let s be any
actual situation which is F-closed with respect to P. Then the Liar
proposition f, about s is not in P.

Proof: fs is, by Theorem 6, false. But if (T'r, f5;0) € s then f
would be true. O

Proposition 10 brings out the deceptiveness of Proposition 9.
It is true that, given any previously chosen set P of propositions,
we can find an actual situation s which contains the semantic facts
about those propositions. But then the Liar proposition f; for
the F-closed situation s cannot have been in the original set P of
propositions. In other words, we can look at the Liar as providing
us with a propositional function from situations s to propositions
fs, one that can be used to diagonalize out of any set P of propo-
sitions.

In the next chapter we will introduce new notions of T- and
F-closure which, in effect, replace the arbitrary set P of proposi-
tions with the set of all propositional functions expressible in our
language. For now, though, let us pause to take a closer look at
what is happening with the propositional function f, given to us
by the Liar. Once we have defined the Austinian semantics for our
language £, we will see that this function is the one naturally asso-
ciated with the Liar sentence, A. When A is used to make a state-
ment about any actual situation s;, it expresses something false
(fs,), but the fact of that proposition’s being false ((T'r, f5,;0)),
while it is in the model 2, cannot be in the situation s itself. If we
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Table 1
Situation Actual Liar?
81 assumed fs, is false
s2 = st U {{Tr, fs;0)} yes s, is false
s3 = sy U {Tr, fs,;0)} yes fs, is false
sa = sz U {{Tr fs;;0)} yes fs, 1s false
s* = s U {(Tr, fex;0)} no fs+ 18 true

add this fact to sy, we get a different actual situation s3. The Liar
proposition fs, about s is also false, but it is simply a different
proposition. And so on.

There is, though, an importantly different tack we could take,
one that could easily be confused with the procedure we’ve just
described. If we start with the same actual situation sy, but instead
of forming s, as above, we apply Proposition 4 from page 131, then
we obtain a situation s* containing s; as a subset, but whose Liar,
fs+, is true. It follows, of course, that s* is not actual or, for that
matter, even possible. We summarize these observations in Table L.

When we think about the Liar on an intuitive level, there is
an inclination to claim that the truth value “flips back and forth.”
First we see that it is false, then that it is true, then that it is
false, and so forth. At first this flip flop does not seem to be cap-
tured in our picture: the truth value of all of the f;,’s is simply
false. However, there is another sequence of propositions that we

Table 11
Proposition Truth value
foo = {s1;[Tr fs,;0]} False
Psy = {82;[Tr, fsy; 0]} True
foo = {23117, fs,;0]} False
Ps, = {8337, fs,; 0]} True
foo = {s3[Tr, fss3 0]} False
Dss = {84; [TT7 fsa ) 0]} True




Austinian Propositions and the World 137

foq = Isa5[Tr, f5501}

Psy = {85[Th foq501}
fsg = {835l Th foq;01}

Dsy = 1831 Th f5,,00}
fso = {s2;[Th 5501}

Psy = {32;[7}; fSpO]}

foy = (LT, o ;01 a 6

False True Actual Nonactual
Propositions Propositions Situations Situation "

Figure 16

have not yet considered. Given si, the proposition ps, defined by
{s9; [T'r, fs,; 0]} is true: this is the proposition that says, about the
expanded sz, that the Liar f,, is false. Similarly, with the propo-
sition p,, that claims, about sz, that fs, is false. This sequence of
propositions, interlaced with the previous hierarchy, exhibits the
intuited behavior. (See Table II.)

The information in the preceeding two tables is depicted in
Figure 16.

Once we’ve given an Austinian semantics for £, it will turn
out that the hierarchy of Liar propositions fs, displayed in the
right-hand column of the first table are all expressed by the Liar
sentence,

—True(this).

Where the difference in the propositions comes is entirely in the
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situations they are about. In contrast, the propositions p,, appear-
ing in the second table will be expressed by the slightly different
sentence:

—True(that;)

where that; is used to refer to the Liar proposition fs,. In other
words, the true propositions p;, are exactly the propositions needed
for a resolution of the Strengthened Liar. They allow our logician
to step back, recognize the falsity of fs,, consider that new fact, and
use it to say, about the extended situation sy, that f,, is not true.
The proposition has the same type as the Liar, but differs in the
situation it is about. In this way we respect both the intuition that
A1 and Ay express closely related propositions, and the intuition
that the latter proposition is true, not false.

Notice that if the Austinian treatment is correct, we have un-
covered two separate ambiguities that cannot be accounted for ei-
ther in the Russellian treatment, or in any treatment that assigns
truth to sentences rather than propositions. Let’s distinguish be-
tween the meaning of a sentence and the propositional content of a
statement made with it. Intuitively, the former should be a propo-
sitional function, something that gives us a proposition when sup-
plied with the situation the proposition is about, while the latter
would be such a proposition. Thus a sentence can be ambiguous in
terms of propositional content without having two separate mean-
ings, without expressing two distinct propositional functions. This
is the kind of ambiguity captured in the first of the above tables.

The second ambiguity concerns the way the expression “this
proposition” functions in English. The English pronoun “this” has
both a reflexive use, corresponding to our this, but also a demon-
strative use, corresponding to our that;. That means that the
sentence “This proposition is not true” can be used to make a
statement about any salient proposition, including the Liar f;,.
Since the situation under discussion is almost always implicit, the
Liar sentence in English could be used to express the true propo-
sition p,s, as well as the false fs,.

As if two ambiguities were not enough, in Chapter 12 we will
discuss what may well be the most insidious ambiguity involved in
the Liar paradox, the ambiguity between negation and denial.
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An Austinian Semantics

The Austinian semantics for £

We will now show how Austinian propositions, including circu-
lar propositions, can be the semantical values of the sentences of
our language £. This time the basic intuition we must capture is

this: given any sentence @(this, that,, ..., that,), and any assign-
ment q, ..., g, of propositions to the propositional demonstratives
that,,...,that,, and any actual situation s, one can use ¢ to ex-

press a proposition p about s while at the same time using the
demonstrative this to refer to that very same proposition.

Toward this end, define an Austinian assignment to be any
function ¢ defined on some set of propositional demonstratives and
taking Austinian propositions as values. By an Austinian contert
cs for a sentence ¢, we mean a pair (s, c¢) of a situation s and an
assignment ¢ defined on all of the propositional demonstratives of
@ except for the demonstrative this. When ¢ contains no demon-
stratives except this, we will simply write s for any context of the
form c¢g. By a statement ® we mean a sentence ¢ paired with a con-
text ¢, for ¢. A legitimate statement ® is one where the situation
s is actual.

We define the proposition expressed by a statement ®, Exp(®),
in two steps, closely paralleling the definition in the Russellian case.
First we assign to each formula @(this,thaty,...,that,) a para-
metric proposition (or propositional function) Val(y) in the propo-
sitional indeterminates p,qs, ..., and the single situation indeter-
minate s. When ¢ is a sentence, the indeterminate p will not occur
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in Val(y), and so we can define Ezp(®) to be the proposition that
results from the propositional function Val(y) by plugging in for
the indeterminates q; and s the values specified by the context c,.

The formal definition is entirely analogous to its Russellian
counterpart, though slightly more complex due to the richer struc-
ture of the new, Austinian propositions. First we introduce propo-
sitional indeterminates p,qi,..., Qa, ..., but also a situation inde-
terminate s. We define the classes of parametric states of affairs,
situations, types, and propositions, ParSOA, ParSIT, ParTYPE,
and ParPROP, in a way parallel to Definition 1, except that we
also allow s € ParSIT and p,q;,... € ParPROP. In giving our
definition of Val, we write T for the dual of the parametric type T,
that is:

o [0] = [0'], where ¢’ is the dual of o,
o N{T,U,..} = V{T,U,...},
o V{T,U,..} = N{T,U,...}.

A simple application of the Solution Lemma shows this definition
to be welldefined.

Definition 4 We define a function Val(y) from sentences to para-
metric propositions as follows:

1. If ¢ is (a Has c), then Val(p) = {s;[H,a,c; 1]}.

2. If ¢ is (a Believes that,), then Val(p) = {s; [Bel,a, q;; 1]}

3. If ¢ is (a Believes this), then Val(y) = {s;[Bel,a,p;1]}.

4. If ¢ is (a Believes ¢) and Val(y)) = ¢, then Val(p) =
{s;[Bel,a,q;1]}.

5. If p is (True that;), then Val(p) = {s; [T, q;;1]}.

6. If  is (True this), then Val(p) = {s;[Tr, p; 1]}

7. If ¢ is (True %) and Val(y)) = q, then Val(p) = {s; [T, ¢; 1]}.

8. If ¢ is (¢1 A ¢2) and Type(Val(p;)) = T, then Val(p) is

{s; AN{T1,T2}}. If ¢ is (11 V 2) and Type( Val(y;)) = T,
then Val(e) is {s; \V{T1,T2}}-
9. If p is —~p and Type( Val()) = T then Val(p) = {s;T}.
10. If ¢ is |¢ then Val(¢) = the unique solution p € ParPROP
to the equation
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p = Val(¥)(p,ay, .- .)-

Once again, by a simple induction on formulas, applying the
Solution Lemma for clause (10), we have the following:

Lemma 11 Val(y) is a parametric proposition containing the pa-
rameters s and q;, for each that; occurring in ¢, and containing
the additional parameter p if this is loose in .

Next, we define the proposition expressed by ¢ in context ¢, in
the obvious way:

Eap(p,cs) = Val(p)(s, c)

where the right hand side indicates the assignment of s to s, and
c(that;) to q;. The following is an immediate consequence of
Lemma 11 and the definition of PROP.

Theorem 12 For any sentence ¢ and context ¢y for , there is a
unique proposition Exp{p,cs) in PROP.

For any statement ® consisting of a sentence ¢ and a context ¢,
we define Ezp(®) = Ezp(p,cs). We note that if @ is a legitimate
statement, then Ezp(®) is an accessible proposition.

At this point, let’s see how our definitions capture the basic
Austinian picture of how language works. Recall that according
to Austin, the act of making a statement consists of the utter-
ance of a sentence in a context, part of which includes reference to
some actual (or “historical”) situation. This is what justifies our
representation of statements by means of sentence/context pairs.
According to Austin, the statement is true if the situation deter-
mined by the context is of a particular type, namely, the type
determined by the semantic (or “descriptive”) conventions of the
language.

Definition 4 attempts to spell out for our simple, artificial lan-
guage just what these descriptive conventions come to. Theorem 12
tells us that these descriptive conventions always allow us to use
the word this to refer to the proposition being expressed. Let’s
look at some examples to see how this works out in practice.

Example 9 Suppose @ is the statement (g, s) where ¢ is ~(Max
Has 5¢). This represents an utterance where the speaker claims,



142 Austinian Propositions and the Liar

about a particular situation s, that it is one in which Max does not
have the five of diamonds. According to Definition 4, Exp(®) =
{s; [H,Max, 5¢;0]}. This proposition is true just in case (H, Max,
5¢;0) is in s.

Example 10 Recall the Truth-teller sentence r: |True(this). A
legitimate context for this sentence simply requires an actual sit-
uation for the statement to be about. Thus any statement of the
form (7, 8, for arbitrary actual situations s, is legitimate. The def-
inition of Val tells us that Val(True(this)) = {s;[Tr,p; 1]}, and
so Val(7) is the unique member p of ParPROP satisfying

p={s;[Tr,p;1]}.

Replacing the indeterminate s with s, this simply gives us the equa-
tion used in defining the Truth-teller proposition ¢, about s. Thus
Ezp(r,s) = tg, as expected. An earlier theorem shows that some
legitimate statements of the form (7, s) express true propositions,
while some express false propositions.

Example 11 Recall that the Liar sentence A is the sentence
| " True(this). Thus a legitimate Liar statement consists of a
pair (A, s), where s is actual. According to the above definition,
this statement expresses the unique proposition p = {s;[T'r, p; 0]}.
This is the Liar proposition f; used above. Since the statement is
assumed to be legitimate, s is actual and hence f, is false.

In the last chapter, we discussed viewing the Liar sentence as giv-
ing us a propositional function from situations to propositions.
We can now identify this with the parametric proposition Val(\).
More generally, for any sentence ¢ not containing that;, that,, ...,
Val(y) is a parametric proposition p(s) in the single parameter s.

Exercise 56 Given an actual situation s, let s’ be the situation

sU{{Tr, fs;0)},

and let ¢y be a context which assigns fs; to that;. Identify the
proposition Frp(—~True(that;), ¢, ), and determine its truth value.

Exercise 57 In giving the Russellian semantics for £, we explic-
itly showed how to extend the semantics from single sentences to
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sequences of sentences in such a way that the demonstrative that;
automatically referred to the i** proposition expressed by the se-
quence. We leave the analogous extension of the above definitions
as an exercise for the reader.

T-closure for expressible propositions

Let’s now return to the issue of T- and F-closure discussed at the
end of Chapter 9. There, we had a simple, contrasting pair of re-
sults concerning situations that were closed with respect to a set P
of propositions. Specifically, we saw that if we start with a fixed P
and s, we can always expand s to a situation s’ that is both T- and
F-closed with respect to P. Indeed this is possible even if P con-
tains the Liar proposition f,. However, P necessarily won'’t contain
the Liar proposition f,s about the newly constructed situation.

These results suggest that our formulation of T- and F-closure
is missing something crucial. If we restrict our attention to proposi-
tions that are expressible, the latter result indicates that no actual
situation s can be F-closed with respect to the set of expressible
propositions about s. This raises the question of whether we can
attain T-closure with respect to all expressible propositions, that
is, whether there are actual situations s that are T-closed for all
expressible propositions about that very s.

To answer this in the affirmative, and so to draw a strong con-
trast between T- and F-closure, we introduce the new notions of T-
and F-closure for expressible propositions. For simplicity, we will
assume that our sentences do not contain any demonstratives of
the form that;. We will say that a proposition p about s is express-
ible if p = Ezp(y, s) for some sentence ¢. A situation s is T-closed
for expressible propositions (F-closed for expressible propositions)
if s is T-closed (F-closed) with respect to the set of all expressible
propositions about s.

As we indicated in Example 11, our Austinian semantics gives
us a natural way of associating with each sentence ¢ a parametric
proposition p,(s). We can think of the new closure properties as
parametric versions of the old ones, where the set P is in effect
replaced by a set of propositional functions in the indeterminate s.
So, for example, a situation s is T-closed for expressible proposi-
tions just in case for each propositional function of the form p,, if
De(s) is true, then that fact is in s.
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As before, assume we are working with some fixed total model
21, Then we have the following result.

Theorem 13

e Let sy be an actual situation. Then there is an actual sit-
uation s such that so C s and s is T-closed for expressible
propositions.

o No actual situation is F-closed for expressible propositions.

The second of these results follows from the earlier observation
about the Liar sentence A. Its parametric proposition diagonalizes
out of any possible situation. The proof of the first result is more
involved, and proceeds roughly as follows. Starting with a situation
80, we form a set T of sentences that either express truths about
sg or would express truths if s; were T-closed. Using this set,
and AFA, we then form an expanded situation s in which the
proposition Exp(p,s) is true, for each ¢ € T. But there is a
hitch. In certain cases, we cannot be sure that a sentence ¢ that
expresses a truth about s will express a truth about the resulting
s. For example, consider the sentence —True(Claire Has 3&).
This will express a truth about sy if (T'r,ps,;0) € sg, where py, =
{80;[H, Claire, 3d; 1]}. Notice, though, that there is nothing to
prevent sg from also containing facts of the form (T'r, py; 1), where
ps = {s;[H, Claire, 3d; 1]}, for various situations s O sy. Indeed,
Claire may have the three of clubs in the larger situation, and so
—True(Claire Has 3&) could not express a true proposition about
it, even though this same sentence expressed a true proposition
about the original situation sg.

To prove our theorem, then, we need to find a way of guarantee-
ing that the s we ultimately construct is one that sg says nothing
about. To do this we introduce the notion of protection. Call
a situation s protected if for every proposition p in the transitive
closure! of s, s € About(p). If we start with a protected situation
sg, then we don’t have to worry about any sentence expressing
a true proposition about sp and a false proposition about some
expanded situation s 2 sg. The following lemma shows that in

1Recall from Exercise 12 (page 43) that a set B is transitive if z € y € B
implies £ € B. The transitive closure of a set is the smallest transitive set
containing it.
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carrying out the above construction we can assume we are dealing
with a protected situation.

Lemma 14 Ewvery actual situation sy is contained in a protected
actual sttuation s.

Proof: We can assume that sy contains some card fact o; if not
just throw one in. The fact o generates a proper class of distinct
types using only conjunction of types. Choose one of these types,
say T', not in the transitive closure of sg. Then the proposition
p = {s0; T} is true, and not in the transitive closure of sg. Let
s = sq U{(Tr,p; 1)}, and note that s is a proper extension of sg.
Assume that s is not protected. Then there must be a proposition
g in the transitive closure of s such that s C About(q). But ¢ must
either be p or be in the transitive closure of sg. However, it is easy
to see that either assumption leads to a contradiction. O

To prove Theorem 13 we will need one other lemma. The lemma
uses the notion of provability introduced in Chapter 7.

Lemma 15 Let ¢ and ¢’ be sentences of L. The following are
equivalent.

1. There is a situation s such that Ezp(1, s) = FExp(y/, s).
2. For any situation s, Exp(1, s) = Exp(¢/', s).
3. 9 =4 is provable.

We will simply assume this lemma now; it is the main result
of the next section on our Austinian proof theory. Using these
lemmas, we can now proceed to prove the theorem. We present
the proof in some detail, since the ideas will be used in the proof
of one of our main results, the Reflection Theorem in Chapter 11.

Assume sg is protected. Let T be the set of normal form sen-
tences defined by:

1. if ¢ is (a Has ¢) or —(a Has c), then ¢ € T iff Ezp(¢, so)
is true;

2. if ¢ is an atomic or negated atomic belief sentence, or a
sentence of the form (—True 1), then ¢ & T;

3. if p is of the form (True v), then ¢ € T iff there is a normal
form sentence 3’ € T such that 1 == 1)/ is provable;
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4. if p =11 Apg, then p e T iff ¢y € T and o € T
5. =191 Vipg, then o e T it yy € T or ¢y € T.
Given T, we define s as follows, using the Solution Lemma.
s=soU{{Tr, Exp(w,s);1) | p € T'}
Our claim is that for any normal form sentence ¢,
¢ € T iff Exp(ep,s) is true.

Let’s assume this claim for a moment and finish the proof of the
theorem. First, it follows immediately from this that all the facts
(Tr,p;1) € (s — sp) are facts of the model 2, so s is actual. We
can now see that s is T-closed for expressible propositions. For let
p be a true, expressible proposition about s. Since any expressible
proposition is expressible by a normal form sentence, it follows that
p = Exp(yp, s) is also true, for some ¢ € T. Thus (T'r,p;1) € s, as
desired.

To finish the proof, we nced only establish the above claim
about closed, normal form sentences. This is proved by induction
on ¢. The cases follow the above definition by cases of T. Case
1 follows immediately from the definition. Case 2 uses the as-
sumption that sy is protected, which insures that no sentences
of these forms can express true propositions about s. Case 3,
where ¢ is of the form (True ¢), is the main case. First assume
Ezp(p,s) is true. Since 9 is also a sentence, it must be the case
that Ezp(vy,s) = Ezp(¥’,s) for some ¢y’ € T. But then, by the
result of the next section, ¢ = 1’ is provable. But then ¢ € T.
The converse is easier. Cases 4 and 5 are also routine, and are left
to the reader.

This concludes the proof of the theorem. O

Open Problem 2 The proof of this theorem is a little unsatisfac-
tory, in that we have to move first to a protected situation. What
makes this unsatisfactory is that the problem solved by protec-
tion results from an expressive limitation of our formal language
L, or rather, of the simplified Austinian semantics we have given
it. Consider a sentence ¢ contained in some larger sentence ¥, like
(True ¢) or (a Believes ). Our current semantics only allows for
the case where both the embedded and embedding sentences are
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used to describe the very same situation. We have made this as-
sumption in order to simplify things, and to facilitate comparison
with the Russellian case. However, from the Austinian perspec-
tive, this is an unnatural restriction. A speaker should be able to
report, about one situation, that Max has a belief whose propo-
sitional content is about some other situation. There should be a
fuller account that would increase the expressive power of £ in the
way just suggested. Such an account would presumably allow us
to prove a version of Theorem 13 that does not require the detour
through a protected situation.

Further examples reanalyzed

With Theorem 13 at our disposal, we can now turn to a reexami-
nation of the various examples presented in Chapter 1, to see how
they fare on the Austinian account. We have already discussed
the Liar in some detail, though we will have more to say about
it in Chapter 12. We have also briefly characterized the behay-
ior of the Truth-teller in Theorem 7. But a few remarks should
be made about the difference between the two treatments of the
Truth-teller. In the Russellian treatment, there is only one propo-
sition expressible by the sentence

(t) True(this).

The proposition so expressed was classical, but indeterminate. This
meant that it came out true in some maximal models and false in
others. But whether it was true or false could not be determined
from the nonsemantical facts of the model.

In the Austinian treatment, 7 can be used to express many dif-
ferent propositions, propositions that differ in the situation they
are about. We have already noted that in our model of the Aus-
tinian account, the truth or falsity of a proposition is independent
of the model 2 of the world. Where the model comes in is in deter-
mining which of the propositions are accessible: here we have for
simplicity assumed that propositions are accessible if and only if
they’re about actual situations. From this point of view, whether
or not we can really use the English version of 7 to express a true
proposition hinges on whether there is a real situation modeled by
such “actual” situations as the one constructed in Theorem 7. But
on certain views about truth, including those of a verificationist or
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procedural bent, there may not be any real situation corresponding
to, for example, the following:

s={{Tr,ts;1)}.

Our account need take no stand on such issues: it would be per-
fectly consistent with the abstract account to say that, as a matter
of fact, all genuinely accessible Truth-tellers are false, or even that
they are all true. Of course, we’d have to give independent jus-
tification for thinking that no real situation s involves the fact
{Tr,ts; 1), or for thinking that they all do.

The situation here is analogous to one in set theory. What
Russell’s paradox shows us is that the collection of all sets that
are not members of themselves cannot itself be a set, and so must
be a proper class. But what about the collection of sets that are
members of themselves? No set-theoretic paradox provides us with
an answer. On the Zermelo conception, this is indeed a set, namely,
the empty set. On the other hand, on Aczel’s conception it is a
proper class. Just as logic alone is neutral when it comes to the
size of this collection, so too, logic alone does not tell us whether
we can use the Truth-teller sentence to express a true proposition.

Let’s next consider the shortest Liar cycle. Thus we have two
sentences, a = True(that,) and 8 = —True(that,). For simplic-
ity, suppose that the speakers are talking about the same actual
situation s, though this assumption won’t play any role in the
analysis.

Proposition 16

1. For any actual situation s, the proposition Exp(a,s) is false.
2. There are actual situations s for which Exp(B, s) is true.

3. However, if s is T-closed for expressible propositions, then
Exzp(8, s) is false.

Proof: (1) Let p and g be the propositions about s expressed by
o and (3, respectively. To see that p is false, assume it were true.
Then (Tr,q;1) € s. But then since s is actual, g is true. But ¢
asserts that the falsity of p is a fact of s. So p is false.

(2) Consider a situation s = {{T'r, Ezp(a, s);0)}. Let p and ¢
be the propositions about s expressed by a and (3, respectively.
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Then obviously ¢ is true and p is false. The latter fact makes s
actual.

(3) This is a routine extension of the argument for (1), ex-
cept for one detail. We need to make sure that the propositions
expressed by a and § are expressible without the demonstratives
that,,that,. To see this, consider the propositions about s ex-
pressed by True(—~True(this)) and ~True(True(this)). It is easy
to see that these are the desired propositions. O

Proposition 16 shows that on the Austinian account, there is
a slight asymmetry between the two participants in the shortest
Liar cycle. The person who asserts « is just wrong: what he says
must be false. However, the person asserting g could be talking
about a very restricted situation, in which case what he said might
be true, but true in a way that does not make the first claim
true. The third part of Proposition 16, though, shows that if we
restrict attention to those actual situations that are T-closed for
expressible propositions, then this cannot happen.

Exercise 58 Show that for any actual situation sy there is an
actual situation s D sq for which the proposition about s expressed
by 3 is true.

Exercise 59 Proposition 16 raises the question as to whether all
the «; in a Liar cycle ay,..., a,, 3 act the same, or whether there
is something special about one of them, maybe the first or last. To
answer this question consider, for any situation s, the Liar cycle

p1(8),p2(5),9(8) (= Ezp(an, a2, 8;8)).

1. Show that if s is actual, then the proposition p;(s) is false.
2. Find an actual situation s for which p2(s) and ¢(s) are true.

3. Show that, by contrast, if s is T-closed for expressible propo-
sitions, then ps(s) and q(s) are also false.

Next we turn to the case of two people each claiming that their
own claim is true, while the other’s is false. Thus we are interested
in the sentences (True(this) A -True(thaty)) and (True(this)
A —True(that;)). To ease the notation, let us define, for any
two situations s, sg, the propositions p(s1, s2) and g(s1, s2) by the
following equations.
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p={s1;;[Tr,p; 1] A [Tr,¢;0]}
q = {s2;[Tr,q; 1] A [T'r,p; 0]}

Proposition 17

1. For any actual situations s1, s2, at most one of the proposi-
tions p(s1, s2) and q(s1, s2) is true.

2. There are actual situations s1, sz for which p(s1,s2) is true
while q(s1, 82) is false. Similarly the other way around.

3. There are actual situations s1, s2 for which neither p(sy, sg)
nor q(s1, s2) is true.

We leave the proof of this as an exercise. Note, though, that if
both speakers are expressing propositions about the same actual
situation, then for the same (artifactual) reasons as in the Russel-
lian case, they have actually expressed the same proposition. In
this case they have both expressed something that is contradic-
tory, and so false. Consequently, the only interesting case is where
they are talking about different situations. Thus the reader should
also verify that the third part of Proposition 17 is true even if we
restrict attention to distinct situations.

Next we turn to a couple of sentences which, on the Russellian
semantics, expressed Contingent Liars.

{Max Has 3&) V ~True(this)
(Max Has 3&) A —True(this)

It’s easy to see that if these sentences are used to express proposi-
tions about an actual situation s which does not contain the fact
of Max having the three of clubs, then they are both false. On
the other hand, if they are used to express propositions about an
actual situation s in which Max does have the three of clubs, then
the first must be true, the second false.

Exercise 60 Give an Austinian analysis of the Contingent Liar
Cycle in the case where Max does not have the three of clubs.

Let’s now turn to the Gupta Puzzle. We will see that we
don’t yet have at our disposal all the tools we need for a fully
adequate treatment of this puzzle on the Austinian account. As-
sume, for simplicity, that both speakers are expressing proposi-
tions about the same actual situation s, one that contains the soa’s
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(H,Claire, Ad; 1) and (H,Max, Ad;0). Here are the propositions
about s expressed by each speaker.

R’s claims:
r1(s) = {s;[H,Max, Ad; 1]}
ro(8) = {8 [Tr,p1(8); 1 A [T, p2(s); 1]}
ra(s) = {s;[Tr,p1(s); 0] V [T, pa(s); 0]}
P’s claims:
p1(s) = {s;[H, Claire, Ad; 1]}
p2(s) = {s;[[Tr,71(s); O] A [T'r,72(5); 0]] V
([Tr,r1(s); O] A [T'r, v3(s); O]]}

First, it is clear that p;(s) is true, while r1(s) is false. Second,
it is clear that one of ra(s) and r3(s) is false. However, that does
not, in this context, guarantee that ps(s) is true. The relevant
fact just might be missing from s. If po(s) is true, and if s is
T-closed for expressible propositions, then we could conclude that
ro(s) is true and r3(s) false. In general, though, there is nothing to
guarantee that pa(s) is true. However, by what is now a standard
construction, we can show that every actual situation s¢ is part
of an actual situation s where things turn out as desired. For the
moment, this is the best we can do.

There are two ways to look at what is going on here. One is
that we need an instance of F-closure to obtain the truth of ps, and
we don’t yet have it. In the next chapter, though, we will prove the
existence of arbitrarily large situations that behave like maximal
Russellian models, and so have enough F-closure to get us past
this step. Another way to look at it has to do with the difference
between negation and denial. It might make more sense to treat
P’s second statement as expressing something weaker than ps(s),
something that would be true in the above circumstances. We will
return to this suggestion in the penultimate chapter.

The final example in our budget of paradoxes was the Strength-
ened Liar, as expressed by the pair of sentences Ay and Ap. But
we’ve already discussed these at the end of the previous chap-
ter. There we noted that A; expresses the Liar f,, while Ay can
be used to express the true proposition p,,. The latter is the
proposition that fs, is false, not about s;, but about the larger
situation s U {{T'r, fs,;0)}. Thus in sharp contrast to the Rus-
sellian account, an Austinian logician can recognize the falsity of
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the Liar f,,, step back, and express that fact with the sentence As.

Exercise 61 Show that the propositions ri(s),r2(s),r3(s),p1(s),
and py(s) can each be expressed using individual sentences, that is,
without using propositional demonstratives other than this. This
result will be appealed to when we return to the Gupta Puzzle in
the next chapter.

Exercise 62 Show that for every actual situation sy there is an
actual situation s D sg such that pa(s) and ra(s) are true.

The Austinian Completeness Theorem

This section presupposes the material presented in Chapter 7. In
that chapter we developed a proof theory for analyzing the relation
that holds between sentences when they express the same Russel-
lian proposition. In this section, we show that the very same proof
theory used there also analyzes the relation of expressing the same
Austinian proposition, in a very strong sense.

Theorem 18 (Austinian Soundness and Completeness Theorem)
For any two sentences ¢, of L, the following are equivalent:

1. ¢ = 1 is derwable using the axioms and rules of Chapter 7.
2. For some situation s, Exp(p,s) = Exp(i,s).
3. For every situation s, Exp(p,s) = Exp(y,s).

This result has two useful corollaries. The first is that sentences
express the same Russellian proposition just in case they express
the same Austinian proposition about some situation s. Second,
we see that if two sentences express the same proposition about
one situation sj, they also express the same proposition about
any other situation s;. Thus the relation of expressing the same
proposition is independent of which account we are interested in,
and in the Austinian case, also transfers from one situation to
another. This result was assumed in the proof of Theorem 13
and will also be needed to prove the Reflection Theorem of the
next chapter.? Indeed, the need for these results was the original
motivation for developing our proof theory.

2What we will need, in particular, is that, given a sentence ¢, there is a
normal form sentence ¥ such that ¢ = 1 is provable, so that 1 expresses
the same proposition, in all these senses, as the original .
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The proofs of the two nontrivial parts of the Soundness and
Completeness Theorem are basically just parameterized versions
of the proofs of the corresponding Russellian results, and so can
be described very briefly, given the earlier proofs.

Proof of (1) = (3): This proof is entirely analogous to the
proof of the Soundness Theorem in Chapter 7, page 114. The only
point of divergence is that the assignment functions F' must satisfy:
F(pe) = Ezp(p, s) for some ¢ € e and some s. We leave it to the
reader to satisfy himself that this is the case. O

Proof of (2) = (1): This proof is entirely analogous to the
Completeness Theorem in Chapter 7, page 114. Fix a particular
situation s. Define A as in that proof and consider the set S as
described there, except that we want g = 1 in S iff Ezp(po, s) =
Ezp(t)g, s). Again it is obvious that S is homogeneous. O



11

Relating the Russellian and
Austinian Accounts

The Liar as a diagonal argument

In our Russellian development, we were confronted with an unintu-
itive partiality of the world. Liar-like propositions generated a host
of second-class “facts” concerning their truth values which could
not actually be incorporated into the world, on pain of paradox.
This partiality does not infect the Austinian world: the truth value
of every proposition is a first-class fact, a genuine constituent of
the world. Yet there remains an essential partiality. The partial-
ity is not a property of the world itself, but of those parts of the
world that propositions can be about. Or if we think of it in terms
of language, we see that while the world is as total as one could
want, we cannot, in general, make statements about the world as
a whole.

This conclusion, implicit in much of the Austinian development,
can be made explicit and removed from our particular model of
propositions. Assume that there are propositions of the sort mod-
eled in this part of the book, and that they are about portions of
the real world, portions we will call “actual situations.” We begin
with the general observation that facts about certain propositions
automatically diagonalize out of the actual situations those propo-
sitions are about. Thus for any actual situation s, the falsehood
of its Liar f, simply cannot be a fact of s. This is analogous to
the general observation that for any set a (wellfounded or not), the



Relating the Russellian and Austinian Accounts 155

Russell set z, = {x € a | z & z} cannot be a member of a. From
either of these observations we may draw a more specific conclu-
sion. From the latter, we can conclude that no set is universal,
that no set contains all sets as members: any candidate for the
universal set u will at least omit the set z,, and hence fail to be
universal. Just so, from the former observation we can conclude
that no actual situation is universal, that no actual situation can
contain all the facts of the world. For no matter how comprehen-
sive we take an actual situation w to be, it must at least omit
the first-class fact that f, is false. Thus, just as the Russell con-
struction shows us that there cannot be a universal set, the Liar
construction shows that the situations propositions can be about
fall short of universality.

The reader will have noted that both of our accounts presup-
pose the set/class distinction, though not too much has been made
of it. In both accounts the (maximal/total) models of the world
were proper classes, while situations were sets. But in the Russel-
lian case, this feature was simply an artifact of the model. There,
we could easily have limited ourselves to finite or countable propo-
sitions, and then our models of the world would also have been
sets. Had we done this, there would have been no need to limit
the size of the set of facts, the situation, that plays the key role in
the definition of 9 |= p.

This contrasts sharply with the Austinian construction. For
the diagonal argument given above shows that something like the
set/class distinction is forced on us in modeling the Austinian con-
ception. To be sure, we could have guaranteed that total mod-
els were sets by restricting both situations and propositions to be
smaller than some fixed cardinality. But then the Liar construc-
tion would show that our models of the world, though sets, are
too big to be situations. Thus it is unavoidable that Austinian
models of the world should outstrip their constituent situations, if
not due to the set/class distinction, then for other reasons. This is
simply an upshot of our embedding the Liar construction into our
set-theoretic model.

Taken together, the above considerations suggest that we think
of the Austinian conception of language and its relation to the
world as a kind of completion of the simpler, Russellian conception.
That is, we can think of the Russellian’s world as simply part of
the real total world, a part that a proposition can be about. Of
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course it cannot encompass everything there is, and so there remain
facts that the Austinian can both grasp and express, but which lie
beyond the scope of the Russellian. Thus what initially appears to
be an expressive limitation of Austinian propositions is actually a
reflection of their greater expressive power, their ability to reach
beyond the fixed boundaries imposed by the Russellian conception.
In the next section, we take this intuitive idea and give it more
rigorous expression in the “Reflection” Theorem.

The Reflection Theorem

The basic idea behind the Reflection Theorem is that, at least as
far as expressible propositions go, any Russellian model 9 can be
mirrored by an Austinian situation m. By this, we mean roughly
that if a sentence ¢ expresses a Russellian proposition p that is
true (or false) in 9M, then ¢ can be used to express an Austinian
proposition p,, about m, one with the same truth value in m. Thus,
a Russellian can always think of himself as expressing a proposition
about the whole world, but an Austinian will view it as being about
some large actual situation, but not the whole world, which is total.
The advantage is obvious, since it allows the world itself to be total
in just the way one wants, and so we save the intuition that, if the
Liar is false, its falsity must be part of the world.

Let us say that a possible situation m mirrors a maximal Rus-
sellian model 9 if for each sentence ¢ of £ the following holds:

M = Exp(p) iff Fzp(p,m) is true.

Notice that if a situation m mirrors a Russellian model 9%, then
m will reflect the conditions imposed on such models in the defi-
nition of almost semantically closed. Before showing that mirrors
exist, we spell out this fact and some of its simple consequences in
the form of a proposition.

Proposition 19 Let m be a mirror of some mazimal Russellian
model. Then for any sentence ¢ of C,

1. (Tr, Exp{p,m);1) € m iff Exp(p, m) is true.

2. (Tr, Exp(p,m);0) € m iff Exp(—p,m) is true.

3. Ezp((True @), m) is true iff Exp(p,m) is true.

4. Exzp(—(True @), m) is true iff Exp(—~p, m) is true.
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Ezp((True ¢ A ), m) is true iff Exp((True @), m) is true
and Exp((True ), m) is true.
6. Ezp(~(True @A), m) is true iff Fzp(—~(True ©), m) is true
or Ezp(—=(True ), m) is true.

N

Proof: Tters (1) and (2) follow from the definition of a mirror and
the fact that maximal Russellian models are almost semantically
closed. The remainder just play out a few consequences of these
items. O

Note that, in particular, mirrors are T-closed. The strength of
these closure properties shows that there is going to be some work
involved in proving that mirrors exist, since the fact that there are
almost semantically closed Russellian models was not immediately
obvious. Also, note that AFA will be crucial to the proof, since
mirrors are necessarily circular. We now turn to the task of proving
the Reflection Theorem.

Theorem 20 (Reflection Theorem) Fuvery mazimal Russellian
model of the world is mirrored by some possible situation. Indeed,
given any mazimal Russellian model M and any possible situation
s compatible with the basic “card facts” of MM, there is a possible
situation m 2 s such that m merrors 9.

Proof: The proof of this result is similar to the proof that every
actual situation is contained in an actual, T-closed situation and
uses the same lemmas. The intuitive idea is that a Russellian
model 9 provides us with enough coherence to construct a possible
situation m mirroring 901

Assume that s is protected. Let At be the set of those atomic
sentences ¢ such that Erzp(e) is not paradoxical in 9. By maxi-
mality, this is equivalent to saying that 9 = Ezp(pV -y). Let Aty
be the set of those members of At that express true propositions
in M, Aty thosc that express false propositions in M. For cach
@ € At, we define a parametric soa as follows:

o If ¢ is (True 1), then o,(s) = (I'r, Val()); 1), where ¢ €
Ati;

e If ¢ is (a Has c), then o,(s) = (H,a,c; i), where ¢ € At;.

o If ¢ is (a Believes 1), then o,(s) = (Bel,a, Val(¢); 1),
where again, ¢ € At;.
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The reason these are parametric soa’s stems from the fact that we
are using the parametric propositions of the form Val(y) in the
first and third lines. These have a single parameter ranging over
situations.

We are now ready to define the desired mirror:

m=sU{o,(m)| ¢ € At}.

Such a situation exists by the Solution Lemma. We will first show
that (1) if M = Ezp(p) then FEzp(p,m) is true. It suffices to prove
this for normal form sentences (by the theorem of the previous sec-
tion). For atomic and negated atomic sentences, this follows im-
mediately from the definition of m. The inductive step is standard.

Using (1), we prove that (2) m is a possible situation. We first
observe that m is coherent, by the fact that s is protected. It
follows from this that there is no expressible type T such that
m is of type T and also of type T. It remains to show that
(3) if {T'r, Ezp(yp, m); 1) € m, then Ezp(y,m) is true, and (4) if
(T'r, Ezp{p, m);0) € m, then Exp(y, m) is false. These two results
are parallel, so we will show (4).

Assume (T'r, Ezp(¢,m);0) € m. Then there is a ¢ € Aty such
that o,(m) = (T'r, Exp(x),m); 0). In order for this equality to hold,
¢ must be of the form (True 9'), where Ezp(v),m) = Ezp(¢', m).
Since ¢ € Atg, M = Ezp(—(True ¢')), and since M is almost
semantically closed, M = Fzp(—¢’). By (1) above, the Austinian
proposition Ezp(—1)',m) is true. Consequently, by the above re-
mark about types and their duals, Ezp(¢’,m) is false. But this
just is the proposition Ezp(y,m).

To conclude the proof, we need to show that (5) if Ezp(p, m)
is true then M = Ezp(p). We use the Sentential Model Existence
Theorem from page 116. Thus, by the maximality of 9, it suffices
to show that  is consistent with 9, that is, that there is a syntactic
witnessing function w with ¢ in its domain such that w is consistent
with 9. We can take the domain of w to be all the normal form
sentences 9 for which Fxzp(+,m) is true. For any such ¢ we let
w(1)) be the set of all atomic and negated atomic sentences which
express true propositions about m. It is easy to see that w is a
syntactic witnessing function, and that it is consistent with 90,
since m is coherent. O

The intuitive importance of the Reflection Theorem is obvious.
The move from the Russellian perspective to the Austinian involves
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giving up the belief that we can use any sentence to express propo-
sitions about the whole world. At first glance, this may seem to
involve a considerable limitation in our expressive power. What
the Reflection Theorem shows is that this limitation is illusory.
For we can express propositions about situations that, in effect,
encompass everything contained in a Russellian world. And even
this is not an upper bound: for whenever we have a situation m
that mirrors a Russellian world, we can go on to express Austinian
propositions about even more encompassing situations, including
m U {(T'r, fm;0)}. Thus we can talk about situations which in
a sense reach beyond the boundaries of any coherent Russellian
model. Far from being a limitation, the Austinian treatment in a
clear sense increases our expressive power.

Throughout our treatment, we have assumed that absolutely
any set of facts, any subset of the total model %, constitutes a
situation. Furthermore, we have assumed that one can make a
legitimate statement about any such situation. With this liberal
interpretation of a situation, there will be legitimate statements
expressing some very unnatural propositions. For example, if

s = {(H,Max,3&; 1)}
then the proposition about s expressed by
(Max Has 3&) A (True(Max Has 3&))

will be false. But this seems to violate the intuition that, in general,
semantic facts are parasitic on the brute facts that underlie them.

These intuitions suggest that speakers automatically rely on
some kind of semantic closure in the situations they talk about. Of
course the Liar shows us that we cannot have full closure, since the
falsity of the Liar proposition f; automatically diagonalizes out of
any actual situation s. We could introduce the notion of an almost
semantically closed situation, parallel to the notion employed in
the Russellian treatment, and restrict our attention to propositions
about such situations. The Reflection Theorem shows us that there
would be a rich collection of these situations. If we did this, the
truth of the assertion (Max Has 3&) about a situation s would
guarantee the truth of the assertion (True(Max Has 3&)) about
that same s.

These considerations raise two important issues about the re-
lationship between our model-theoretic account and real language
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used in the real world. One is the question of which of the set-
theoretic situations we dubbed “actual” genuinely represent real
situations. The other is the question of which real situations the
conventions of language allow us to talk about. Nothing in our
account commits us to the claim that every set of soa’s in a model
corresponds to a real situation: real situations clearly satisfy addi-
tional constraints that we have not built into our model. Neither
does anything in our account commit us to the claim that one can
make a statement about an arbitrary real situation. For example,
it may be that we can only make claims about situations that meet
certain closure conditions.

Earlier, we did introduce the notion of a T-closed situation, and
relied on that in our discussion of various examples like the Liar
cycles. There was, however, one example which did not immedi-
ately fall out the way our intuitions suggest it should, namely the
Gupta Puzzle. There, we could not rely on any sort of maximal-
ity for the situation referred to, and hence we could not conclude
that pa(s) was true. But situations that mirror maximal models
provide precisely the missing completeness needed to carry out the
intuitive reasoning involved in this case.

Exercise 63 Let m be a mirror of a maximal model, and con-
sider the propositions 71 (m), ra(m),rs(m), p1(m), pe(m) about m
as generated by the Gupta Puzzle. Show that they have the desired
truth values.

What is crucial to Gupta’s Puzzle is that we reason about
specifically semantical facts concerning the various propositions.
In the intuitive reasoning we have free access to all the relevant se-
mantical facts about the propositions involved. In the Russellian
case, we saw that maximal models automatically provided us with
such access. Once we move to the Austinian view that proposi-
tions are about specific situations, we see that the reasoning won’t
be valid unless the situation in question gives us similar access to
all the relevant semantical facts. T-closed situations do not suffice
here, but mirrors of maximal models do.

Exercise 64 The Reflection Theorem is a kind of Lowenheim-
Skolem Theorem, but one that makes essential use of AFA, since
every mirror is nonwellfounded with a vengeance. Whereas a max-
imal Russellian model 91 is always a proper class, a mirror m of
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it must always be a set. Calculate the cardinality of the mirror
constructed in the proof of the Reflection Theorem.

Open Problem 3 Our definition of an Austinian mirror depends
on the notion of a maximal Russellian model. It seems that one
should be able to characterize this notion directly, in purely Aus-
tinian terms.

Open Problem 4 David Kueker has shown that there are inter-
esting converses to the usual Lowenheim-Skolem Theorem.! In
particular, he defines a notion of “almost every countable model”
and shows, for various languages, that a sentence holds in an un-
countable model if and only if it holds in almost every countable
submodel. Looking at the Reflection Theorem as a Léwenheim-
Skolem Theorem suggests looking for a similar sort of converse.
Can one make sense of the idea of a sentence ¢ expressing a true
proposition Ezp(y, 8) about “almost every” actual situation? The
aim would be to show that for any total Austinian model U there
is a maximal Russellian model Mgy such that for any sentence
¢, M E Ezp(yp) iff for almost every actual situation of 2, the
proposition Ezp{¢p, s) is true. Our conjecture is that if one could
come up with such a notion, and prove this result, one would
also show that almost every actual situation of 2 was a mirror
of mm.

Characterizing paradoxical sentences

We've presented two competing accounts of the relationship be-
tween sentences, propositions and truth. By and large, the sec-
ond, Austinian account seems to respect more of our pretheoretic
semantic intuitions: every proposition is either true or not, the
world is semantically closed, and no distinction between internal
and external falsity arises. So far, however, there is one fact that
remains unexplained on this account, namely, the simple fact that
Liar-like sentences do strike us as intuitively problematic. At first
glance, it may seem that the Austinian account is too clean, in
that it fails to distinguish these problematic sentences from other,
more run-of-the-mill sentences. In this section, we will use ear-
lier results, in particular the Reflection Theorem, to show that the

18ee Kueker (1977), for example.
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Austinian account does provide a natural characterization of these
intuitively problematic sentences.

Definition 5 A sentence ¢ of L is intrinsically paradozical (rel-
ative to the Russellian semantics) if Exp(y) is intrinsically para-
doxical. On the other hand, a sentence is necessarily false (relative
to the Austinian semantics) if for every possible situation s, the
proposition Ezp(y, s) is false.

There are many necessarily false sentences, sentences that can-
not hold of any possible situation. However, usually the negation
of such a sentence will hold of some situation. This is the case
for run-of-the-mill contradictions, and their tautological negations.
Similarly, the sentence

((True @) A )

is necessarily false, but its negation is not.

The Liar sentence A is different, though. Neither it nor its nega-
tion can be used to express a true proposition about any possible
situation. And it turns out that this is a general characterization
of the sentences that are intrinsically paradoxical relative to the
Russellian semantics.

Theorem 21 A sentence @ is intrinsically paradozical in the Rus-
sellian semantics just in case both ¢ and —¢ are necessarily false
in the Austinian semantics.

Proof: Half of this follows directly from the Reflection Theorem,
which shows that if a sentence expresses a proposition which is
true (or false) in some Russellian model, then there is a possible
situation s such that the Austinian proposition expressed about s
has the same value. On the other hand, it is easy to show that if
either ¢ or = express a true proposition about some possible sit-
uation, then there is a consistent syntactic witnessing function for
the respective sentence, just as in the final step in the proof of the
Reflection Theorem. Thus the result follows from the Sentential
Model Existence Theorem. O

Another way to put this is that a closed sentence ¢ is intrin-
sically paradoxical just in case ¢ V - is necessarily false. This
looks like we are giving up classical logic, but this appearance is
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largely syntactic. Up to now we have been treating all uses of —¢
as assertions. But when we recall the distinction between asser-
tions and denials, we realize that an assertion of —¢ is not the same
as a denial of the proposition expressed by ¢. If the proposition
expressed by ¢ is false, then clearly its denial is true. But in the
Austinian framework, as so far developed, this denial simply can-
not be expressed. In the next chapter we extend our account to
encompass denials.

Exercise 65 Extend the above theorem to give an Austinian char-
acterization of those sentences that express contingently paradox-
ical propositions.

Exercise 66 Characterize, using the Austinian framework, those
sentences that express classical propositions in the Russellian
framework.

Exercise 67 Give an Austinian characterization of those sen-
tences that express grounded and determinate Russellian propo-
sitions.
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Negation and Denial

In certain respects, the Austinian treatment of the Liar seems al-
most too good to be true. Simply by making explicit the situation
a proposition is about, we seem to have salvaged virtually all our
pretheoretic intuitions about truth and falsity. Every proposition
is true or false, and nothing prevents any such fact from being part
of the world. In particular, we do not need to distinguish semantic
facts that arc internal to the world from those external to it, as we
did in the Russellian case.

Confronted with this solution to the paradox, people frequently
react with the charge that the Austinian account simply sidesteps
the paradox by avoiding genuine negation. To be sure, for proposi-
tions we take falsity simply to be the failure of truth. But still, all
of our Austinian propositions have a positive character, including
those expressed using sentences that involve negation. We can say
of a situation that it is of the type in which Max doesn’t have the
three of clubs, but not that it is not of the type in which Max
has the three of clubs. Since situations are partial, there is a big
difference between the two.

Likewise with the Liar. With the mechanisms introduced so far,
we can assert that a situation s is of & negative type, that it is one
in which the Liar is not true. But we cannot deny the positive claim
that s is of the type where the Liar is true. Does the success of the
Austinian account depend crucially on this expressive limitation?
Is it because Austinian assertions are always essentially positive
that we’ve escaped with our other intuitions unscathed?
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Austin himself argues that there is a crucial distinction to be
made between the assertion of a negative sentence and a genuine
denial. In this section, we will briefly explore what happens when
our class of Austinian propositions is expanded to include denials,
as well as positive assertions. To this end, let us add propositions
of the form {s;T}, which will be true just in case situation s is
not of type T. Of course, adding these new propositions will also
generate new states of affairs, new situations and new types. Our
definition exactly parallels the original definition, with TYPE be-
ing the closure I'(AtTYPE) of the atomic types under conjunction
and disjunction.

Definition 6 Let SOA, SIT, AtTYPE, PROP be the largest
classes satisfying:
o Every PROP is either of the form:
o {s;T}, or
o {sT},
where s € SIT and T' € T'(AtTYPE).
e Every SOA is either of the form:
o (H,a,c;i), or
o (Tr,p;i), or
o (Bel,a,p;1),
where H, T'r, and Bel, are distinct atoms, a is Claire or Max,
¢ is one of the standard cards; i is either 0 or 1; p € PROP.
e Every SIT is a subset (with stress on set) of SOA.

o Every AtTYPE is of the form [0], where ¢ € SOA.

Our definition of the relation OF remains unchanged, though
of course the relation itself expands to accommodate the new situ-
ations and types. The definition of truth now needs an additional
clause, however:

Definition 7 Let TRUFE be the class of those p € PROP such that
either:

e p={s5;T} and s is of type T, or
e p={s5;T} and s is not of type 7.



166 Austinian Propositions and the Liar

No changes need to be made to our definitions of partial and
total models of the world, nor to the related notions of actual
situation and accessible proposition. We repeat the definitions
simply for the reader’s convenience.

Definition 8

1. A partial model A of the world is a set or class of SOA’s
satisfying:
e No soa and its dual are in 2.
o If (T'r,p;1) € A then p is true.
o If (T'r,p;0) € A then p is false.
2. A situation s is actual in model A if s C 2.
3. A proposition p is accessible in model 2 if About(p) is actual
in .
4. A model % is total if it is not properly contained in any other
partial model.
Let us turn now to some examples.
Example 12 Let
p= {s[H Max,3%;0]},
g={s;|H, Max,3&;1]}.

The proposition p is true if (H, Max, 3d;0) € s, while ¢ is true if
(H,Max,3; 1) & s.

Example 13 (Denial Liar) For any situation s and proposition p,
there is a proposition which denies that p is true in s, i.e., denies
that its truth is a fact of s. This is the proposition:

D(s,p) = {s;[Tr,p; 1]}.

Again, using AFA we obtain a fixed point, dg, which is the unique
proposition p = D(s, p). That is, we obtain, for each s, a new Liar
proposition:
ds = {s; [T'r, ds; 1]}

The proposition ds; denies that the truth of d, is a fact of s. If we
interpret someone’s saying “this proposition is not true” not as an
assertion but as a denial, then it will express the proposition ds,
as opposed to the earlier “Assertive” Liar fs.
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Superficially, these Denial Liars look and act much like the
Assertive Liars. In particular, some of them will be true and others
false. However:

Theorem 22 If s is actual, then the Denial Liar about s, dg, is
true, whereas the Assertive Liar, f,, ts false.

Proof: Assume d; is not true. Then s is of type [Tr,dg;1]. But
then, by our coherence conditions on models, d; must be true. O

The point of giving this simple proof is to contrast it with the
proof of the corresponding theorem about the Assertive Liar, and
to compare them both with the intuitive reasoning about the Liar
given in Chapter 1, page 20. The reader is encouraged to consult
steps (3) and (4) in that reasoning. Note that while the proof of
Theorem 6 uses the reasoning of step (3), the proof of the above
theorem uses the reasoning of step (4). This suggests that the
intuitive reasoning that gives rise to the paradox plays on yet an-
other ambiguity, one that does not involve a shift in situation, but
rather conflating the assertion of a negative claim (the Assertive
Liar) with the denial of a positive one (the Denial Liar).

Here we see associated with the Liar a new “fHip-flop,” one quite
different from that described at the end of Chapter 9. There we
noted that as we expanded our situation s to include the falsity of
the Liar f,, the proposition py, which said of the newly expanded
situation that f, is false, was true. But then the Liar proposi-
tion about the new situation again turned out to be false, and
so on. This hierarchy of propositions with alternating truth val-
ues depended on the hierarchy of ever-expanding situations, each
encompassing more semantic facts. The existence of this infinite
hierarchy of propositions associated with a single pair of sentences
trades on the ambiguity of the situation the propositions so ex-
pressed are about.

The new “flip-flop” does not involve shifting situations. For,
even with a fixed situation s, the Assertive Liar f, is false, while the
Denial Liar dy is true. Thus a failure to distinguish clearly between
denial and negation causes us to conflate a true proposition with a
false one. What makes this conflation even harder to avoid is the
fact that the denial of the Assertive Liar about s (the proposition
{s;[Tr, fs; 0]}), like the Denial Liar about s, is true. (This follows
from Theorem 6.) This should be contrasted with the assertion
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that the Assertive Liar is false, which is just the Assertive Liar
itself.

Exercise 68 Show that there is an actual situation s such that
the denial of f, is true, while ¢ is false, where

q= {3; [TT‘, ds; 1]}

Exercise 69 It is frequently argued that denials presuppose the
proposition to be denied. This would seem to preclude propositions
that are their own denials. Show that in the present framework, no
proposition is its own denial. We leave as an open question whether
there is any natural extension which admits such a proposition,
noting that such a move would seem to require the introduction of
nonsubstantive propositions.

There are two principles which, if we ignore the partiality of
situations, would seem plausible, but would get us into trouble.
Let us examine them in turn.

The first principle is one that Austin himself may well have
assumed. To be accurate, Austin distinguished between negation
and falsity, not between negation and denial, though his examples
are examples of our distinction. Thus he seemed to be assum-
ing that one could identify the denial of a proposition with the
assertion that the proposition was false. Such a conflation would
presuppose the principle that if the denial of a proposition p is true,
then the proposition that p is false must be true. In the current
framework, this is made precise by:

If {s; T} is true, then {s;[T'r, {s;T};0]} is true.

The second principle is that if the denial ¢ of a proposition p is
true, then the proposition that q is true is also true:

If {s; T} is true, then {s; [T, {s;T}; 1]} is true.

The informal English renditions of these principles seem plausible.
However when we make explicit the hidden parameter that appears
in the Austinian version, we see that their plausibility depends on
our thinking of s as encompassing everything that is the case. And
indeed neither principle can be held in full generality in the face
of Liar-like phenomena. In particular, the first principle runs afoul
of the Assertive Liar, the second of the Denial Liar.
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Notice that, although both of these principles must be rejected,
there are closely related principles that are true. In particular, if a
denial {s; T} is true, then we know that there will always be a situa-
tion 8’ D s for which both {s'; [T'r, {s;T}; 0]} and {s'; [T'r, {s; T'}; 1]}
are true. And indeed, for ordinary, nonproblematic propositions,
we may well have s’ = s.

We have made no attempt to use denial propositions as se-
mantic values for our language £. To do so would involve us in
untangling one of the most basic conflations in the logical litera-
ture, the conflation of negation and denial. To do justice to these
phenomena, we would have to expand our language to include an
additional negation operator, or some other device for indicating
denial. Many decisions would have to be made in order to carry out
this modification, decisions that would take us far from the topic
of this book. There would, however, be at least one important
advantage to the treatment that would result. Closing the class of
propositions under conjunction, disjunction, and denial would re-
sult in a notion of proposition whose logic is entirely classical. Such
propositions would admit of circularity, would contain both asser-
tions and denials, but would also provide interpretations for all the
standard laws of propositional logic, without exception. In this
way, it would become transparent that nothing in the Austinian
view of language drives one away from standard logic, in spite of
superficial appearances to the contrary in results like Theorem 21.
We would then see that such apparent violations of classical logic
all involve internal negation, while the sort of negation involved in
denial behaves as logicians have come to expect.

As a way of driving home the claim that one source of difficulty
with the Liar has to do with the ambiguity between negation and
denial, let’s restate our characterization of the intrinsically para-
doxical sentences solely in terms of negation and denial. Say that
a sentence ¢ is intrinsically deniable if for every possible situation
s, the denial of Ezp(¢, s) is true. With the Liar sentence, we have
an example of a sentence which is intrinsically deniable, but whose
negation is necessarily false. The following corollary is simply a
reformulation of Theorem 21.

Corollary 23 A sentence @ is intrinsically paradozical in the Rus-
sellian semantics just in case @ is intrinsically deniable, while -~
18 necessarily false.
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The difference between denial and negation, once pointed out,
is easy enough to acknowledge, but even easier to forget. This is
especially true in logic, where the emphasis is placed on truth as a
property of sentences, and denials are relegated to the pragmatic
wastebasket. And in general, ignoring this distinction does little
serious harm, any more than ignoring relativistic effects causes
problems in trips to the supermarket. But at speeds approaching
that of light, ignoring relativistic effects gives paradoxical results.
Similarly, in the realm of semantics. Corollary 23 points out that,
when approaching sentences like the Liar, we risk paradox if we
ignore the difference between negation and denial.
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Conclusions

We have followed a long and somewhat technical path, in our at-
tempts to understand the semantical mechanisms that seem to
give rise to the paradoxes. Let us step off the path, at its end,
and summarize what we have learned, and put it in some sort of
perspective.

The proper treatment of paradox

Paradoxes in any domain are important: they force us to make
explicit assumptions usually left implicit, and to test those as-
sumptions in limiting cases. What’s more, a common thread runs
through the solution of many of the well-known paradoxes, namely,
the uncovering of some hidden parameter, a parameter whose value
shifts during the reasoning that leads to the paradox.

Whenever one encounters an apparent incoherence in the world,
a natural thing to look for is some implicit parameter that is chang-
ing values. Consider a couple of trivial examples, examples so sim-
ple that they would never earn the title of paradoxes. Suppose we
are talking on the phone and I know it is 4 PM while you insist it is
7 pM. Can we both be right? Of course: if I am in Palo Alto and
you are in Boston. Times are generally treated like properties of
an instant, and this assumption works fine for our more parochial
activities. But in long-distance communication and travel, we are
forced to pay attention to the additional parameter at work in our
system of assigning times: our location on the Earth. We might
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put it this way. The assigned time is not a siraple property of an
instant, but a relation between the instant and the location; our
baby “paradox” forces us to make the added parameter explicit.

Take another example. Suppose we are looking at two people,
and I say A is to the left of B, while you say B is to the left of
A. Can we both be right? Of course, since we can have different
perspectives on A and B. Here, what is generally expressed as a
two-place relation is really a three- (or more) place relation, with
one argument fixed by the location of the speaker. Examples of this
sort abound, and some are not nearly so easy to see through. For
instance, the so-called paradoxes of relativity are not really para-
doxes, but show that what seems like a two-place relation—that of
two events being simultaneous—is actually a three-place relation:
that of two events being simultaneous relative to an observer. It is
our difficulty taking this third parameter into account that leads
us into error when considering velocities approaching the speed of
light.

Moving closer to the traditional paradoxes, consider Russell’s
famous barber. Can the sentence “there is a man who shaves all
and only the men who don’t shave themselves” be used to express
a true proposition? Certainly not if the barber himself falls in the
range of the quantifier phrase “all the men,” for then the barber
would have to shave himself if and only if he doesn’t. But this
sentence could express a truth if the context implicitly restricts
the quantifier, say to all the men who live in Oxford. What then
follows is only that the barber cannot himself live in Oxford. Here
the implicit parameter provides us with some limited collection,
Oxford men, and the barber simply “diagonalizes out” of that col-
lection. No man from Oxford could shave every man from Oxford
who doesn’t shave himself. But a woman could, or a man from
Kidlington.

Even the paradoxes of naive set theory work this way, though
they’re rarely presented from quite this perspective. Recall that
Russell’s paradox involved a set defined in the following way:

The familiar chain of reasoning shows that this alleged set must
both be and not be a member of itself, and so we are threatened
with paradox. The solution to the paradox is to introduce a new
parameter in the operation of defining or “comprehending” sets.
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What the new comprehension principle gives us is a parameterized
version of Russell’s definition, one that characterizes a set z, for
each set a:

2o ={z€a|x ¢z}

Now notice that once this parameter is made explicit, the rea-
soning that earlier seemed to lead to paradox no longer does. This,
even if we admit nonwellfounded sets into our universe of sets. If
a is wellfounded, then z, = a, while if a = {Maz,Q,a}, then
2o = {Maxz}. What the erstwhile paradox now shows, whether
we are dealing with wellfounded sets or not, is simply that z, can
never be a member of a. And from this we can conclude that
there is no “universal” set. For if there were a universal set u,
then 2z, would have to be in it, by u’s universality, but at the same
time could not be in it, by our general conclusion about the sets
Zq. In other words, since z, diagonalizes out of u, like the barber
out of Oxford, u could not have been the universal set in the first
place. Thus, what appeared a paradox when we ignored the com-
prehension parameter becomes a lesson-—striking, but nonetheless
palatable-—once the parameter is exposed.

Our Austinian solution to the Liar paradox follows in this same
tradition. There is a hidden parameter in the Russellian account
which the Austinian diagnosis makes explicit: the portion of the
world that the proposition is about. The Russellian assumes that
this “portion” encompasses the world in its entirety. But just as the
set-theoretic paradox shows that we cannot in general comprehend
relative to the universe of all sets, so too the Liar paradox shows
that we cannot in general make statements about the universe of
all facts. If we held on to the Russellian view of propositions, the
Liar would then force us to acknowledge an essential partiality in
the world: there are propositions which aren’t true, but whose
falsehood somehow lies outside the universe of facts, outside the
“world.”

The Austinian solution provides a new conception of proposi-
tions by making explicit the parameter the Russellian leaves im-
plicit and tries to fill with the world as a whole. Once this move is
made, both the coherence and the totality of the world is preserved.
Every proposition is either true or false, and what’s more, nothing
prevents that truth or falsity from being a fact in the world, a fact
that can in turn be characterized by propositions. The Liar now
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issues In a lesson, not a paradox: the falsity of a Liar proposition,
though a perfectly respectable feature of the world at large, cannot
be a feature of the specific situation the proposition is about. Here,
the Liar’s falsity simply diagonalizes out of the limited situation it
is about, where before, in the Russellian treatment, it seemed to
diagonalize out of the entire world. It was that, plus our intuition
that the world should encompass everything that is the case, that
made the paradox seem so puzzling from the Russellian perspec-
tive.

What we give up on the Russellian view is the totality of the
world. On the Austinian account, we need give up no such deeply
held metaphysical view. But something has to go, and what goes
is the belief that propositions can, in general, be about the world
as a whole. Just how much do we give up when we give up that?
Arguably, not much. For the lesson of the Reflection Theorem is
that Austinian propositions can be about extremely comprehensive
situations, situations that effectively encompass everything con-
tained in a Russellian world. Furthermore, we can then, in an
unproblematic fashion, step outside such a situation and describe
the behavior of its Liar. Thus in an odd sense, what first strikes
one as a limitation in expressive power actually clears the way for
greater expressibility. In particular, we are no longer in the pecu-
liar position of recognizing the Liar’s falsity, but not being able to
express it. This is the moral of the contrasting consequences of the
two accounts when confronted with the sentence that expresses the
Strengthened Liar.

Lessons for the skeptic

The whole framework we used in both the Russellian and Aus-
tinian treatments presupposes a rich ontology that includes prop-
erties, relations, propositions, and situations. This framework may
run counter to the nominalist tendencies of some readers. We do
not share these tendencies, and indeed, think the attractive so-
lution that emerges on the Austinian account argues against the
overly austere, nominalist stance. Nevertheless, we believe there
are lessons to be extracted from this work and incorporated into
sparser accounts of language and the world.

Consider, for example, how we have characterized the source of
the paradox on the Russellian model. We said that the problem
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arose from the tension between, on the one hand, the perfectly cor-
rect reasoning that led to the conclusion that the Liar proposition
can’t be true, and on the other, our insistence that the world be
the totality of facts. This latter intuition leads us to throw the
fact of the Liar’s falsity into the world, or rather, to suppose it
was there all the time. But once this move is made, we land in
paradox.

While this characterization is full of talk of propositions, facts,
and the world, the basic insight is one about language use, and
is independent of the ontology used to express it. However de-
scribed, the reasoning that makes the Liar look paradoxical has
three distinctive stages. We first engage in a piece of metalevel ar-
gumentation which shows that the Liar cannot be true. Second, we
objectify this conclusion and assume it to be a feature of the world,
a feature that can influence truth and falsity. There is a clear move
here from the realm of semantic facts to the typically nonseman-
tic domain that our statements describe. The third step involves
using this newly discovered feature of the domain of discourse as
premise for a further piece of metalevel reasoning, reasoning that
shows the Liar to be true. Whence the paradox.

One recourse open to the nominalist is to parallel the Russellian
account, and so argue that the second step in the above reasoning
simply cannot be taken. Another recourse, though, would be to
mimic the Austinian treatment. Even the most nominalistic tradi-
tion in semantics, that pursuing the Davidsonian program, admits
that a theory of truth for natural language must incorporate pa-
rameters that are set by the context of a sentence’s use. Such
parameters are of course needed for the treatment of standard in-
dexicals, but also for fixing more global features of an utterance
like the intended domain of quantification. The nominalist might
take the lesson of the Austinian account to be that there is yet
another contextual parameter, one corresponding to Austin’s de-
scribed situation, a parameter whose value necessarily changes with
the utterance of, or reasoning about, a sentence like the Liar.

Another form of skepticism about the Austinian account may
stem from the discrepancy between the vagueness of the ordinary
notion of a situation and the precise, set-theoretic representatives
used in our model. It might seem that our account is crucially de-
pendent on being able to distinguish the exact facts that hold in a
situation from those that don’t, whereas with real situations, such



176 Austinian Propositions and the Liar

boundaries are never quite so clear. But this is to misunderstand
the relationship between the model and the semantic mechanisms
modeled.

Whenever one thing is used to model another, various features
of the first are significant to the representation, while others are
not. Only certain propertics of the representation represent prop-
erties of the thing represented; others are simply artifacts of the
model. For example, the actual size of a balsa model of an air-
plane is an artifact, but the proportions of the model represent
proportions in the plane modeled. Similarly, many features of our
set-theoretic model must not be taken as representative of cor-
responding features of the domain modeled. For example, real
propositions are not sets, nor need they display characteristics cor-
responding to such features as the cardinality of the sets used to
represent them. Likewise, real situations are not sets, and the
precise boundaries of the set-theoretic model need not represent
precise boundaries in the situation modeled. This is similar to the
use of real numbers to represent temperature, velocity, or position
in physics: the precision of the model is a mere idealization of the
phenomena so represented.

On the Austinian view, whenever we make a claim, it is a claim
about some situation or other. But obviously, even Austin himself
would admit that it is seldom clear exactly what situation a person
is referring to. And indeed, the exact boundaries of the situation
usually don’t matter. Boundaries of some sort do matter, though, if
one is expressing what we earlier called a nonpersistent proposition,
say the claim that everyone has a full house, or that the dealer has
two of a kind. Similarly, they matter in the case of the Liar. But
nothing hangs on those boundaries being as precise as those in our
set-theoretic models.

The fact that the boundaries of real situations are unclear only
makes it that much easier to fall into the trap of ignoring them al-
together. And once we do that, it’s easy to think, upon expressing
the Liar proposition, that the fact of its falsehood may well have
been part of the situation referred to in the first place. Yet that
can never be, and not because we were somehow careful to leave
it out. On the contrary, no matter what real situation we refer to,
careful or not, the falsehood of its Liar is necessarily excluded, just
as the Russell set z, is excluded from a. Our unclarity about the
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boundaries does not alter this fact, though it may well have made
it harder to see.

If our Austinian account is correct, the ambiguity this vague-
ness injects into the everyday use of language is one of the factors
that has made the Liar seem so intractable a problem. But it is
by no means the only one. Another factor has to do with the
ambiguity between negation and denial, between the act of assert-
ing a negative claim and denying a positive one. As logicians, we
are used to restricting attention to sentences taken as assertions,
thereby ignoring all the other things we do with language. This
is a complaint frequently registered by speech act theorists, but
largely ignored by the practicing logician. Again, the Austinian
account suggests that assertions and denials interact in compli-
cated ways, and that a full resolution of the Liar paradox demands
that attention be paid to both. Indeed, the speech act perspec-
tive, with its emphasis on the effect of language use itself on the
world, seems quite compatible, perhaps not surprisingly, with the
Austinian resolution of the Liar.

Yet a third source of ambiguity that gains significance in our
analysis of the Liar revolves around the referent of the term “this,”
and the fact that in English it can be used either demonstratively or
reflexively. In particular, in the Austinian analysis of the Strength-
ened Liar we saw that a reflexive use of “this proposition” in the
Liar sentence forces us to say something false about any actual situ-
ation, whereas a demonstrative use of the same “this proposition,”
in the same sentence, made with reference to a Liar proposition,
would allow us to say something true, namely that the Liar propo-
sition referred to is not true.

From the Austinian perspective, the Liar sentence gives rise
to no genuine paradox. Rather, it is a sentence that can be used
in many different ways to say many different things. What once
appeared as paradox now looks like pervasive ambiguity. There is
one unfortunate feature of this otherwise elegant solution to the
Liar. Logicians abhor ambiguity but love paradox.
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Postscript

In the year since The Liar first appeared, our thinking on the
matters treated here has gone forward, especially in reaction to
comments and criticism from colleagues. We would like to take
these final few pages to suggest a slightly different way of looking
at the point made in the book, as well as to amplify some points
that were slighted in the first edition.

The hidden parameter

We can sce the Austinian solution to the paradox as the result of
two moves: first, making explicit the parameter for the described
situation, and second, recognizing that this parameter can be filled
by something less than the world as a whole. The first of these is
clearly unobjectionable. Everyone doing semantics recognizes the
role played by the world in determining the truth or falsity of
claims, and the Austinian proposition simply includes an explicit
parameter for the object that plays this role. The assumption be-
hind the Russellian view is not that there is no such parameter, but
rather that it can be treated as fixed, as always filled by the totality
of facts. The Austinian does not make this assumption. But either
way, we can hardly take issue with the explicit acknowledgement
of the parameter itself.

Of course if the Russellian is right, this role is always played by
the world as a whole. Then, Austin’s parameter might as well be
left implicit. But the moral of our Russellian analysis is that what
fills this role cannot in general contain all the facts, at least if the
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Liar sentence really expresses a proposition. From the Russellian
perspective, this sounds paradoxical: the world, it seems, must be
cssentially incomplete. But put another way, this just amounts
to the Austinian view: it is not that the world is incoraplete, but
rather that the world cannot in general play the role demanded
of it by the Russellian. Any proposition expressed by the Liar
sentence must of necessity be about a portion of the world that
falls short of the whole.

Some might want to conclude from this that the Liar sentence
just cannot express a proposition at all. But what is the motivation
for this conclusion? Surely it is not that we can never make claims
about limited portions of the world. We can assert “No one has an
ace” about a particular card game, and be right, even though at
any given time it is almost certain that someone in the world has
an ace. Intuitively, declarative sentences are often used to make
claims about limited portions of the world. If Claire asserts “Max
doesn’t have the three of clubs” or “No one has an ace,” then, as
we observed, there is simply a matter of fact as to what card game
she happens to be describing. So if we are to conclude that the
Liar sentence cannot express a proposition, it must be for some
reason specific to that particular sentence. We will discuss what
that reason might be in the next section.

It seems clear that we sometimes use sentences to describe lim-
ited parts of the world; indeed, most of our everyday claims are of
just this sort. On the other hand, it also seems possible to express
claims about the world as a whole. Does the Austinian perspec-
tive force us to deny this simple intuition? The answer is no. The
reader will have noticed that the total Austinian models in Part
III are proper classes, and so do not count as situations, which are
modeled by sets. However, this is really an artifact of decisions we
made in our modeling of the Austinian framework, not something
forced on us by the Austinian framework itself. Certainly, no Liar
proposition can be about the world as a whole; this is imposed on
the Austinian by logic alone. But it does not follow that ordinary
claims must be limited in this way.

We could amend our Austinian model to reflect this point of
view in various ways. One way would be to use the mirrors pro-
duced by the Reflection Theorem to get around the set/class prob-
lem. Let m be any mirror. By an m-proposition we will mean
a proposition whose truth or falsity is a fact in m. By an m-
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sttuation we mean a situation which is both a constituent of a
proposition in 7 and also a subset of m. An alternative model
of the Austinian perspective would take m to represent the whole
world, and so would allow only rn-propositions and m-situations.
With this technique, we would find that certain sentences would
express propositions about the world as a whole, while others would
not. Among the latter is the Liar sentence, of course.

From this point of view, the main claim of the book is that the
explicit introduction of the parameter for the described situation
allows us to see quite clearly why the Liar sentence misbehaves in
the way it does. We have shown that if it is used to make a claim
about some particular portion of the world, it always gives you a
fact that lies outside the portion being described. Consequently, it
simply cannot be used to make a claim about the world as a whole,
whether or not other sentences can be so used. More generally, the
Reflection Theorem shows that it is exactly those sentences which
are paradoxical for the Russellian that can never be used to make
a claim about the entire world.!

Demonstrative conventions

Some readers have thought that we are committed to the claim
that the Liar sentence of English, whenever uttered assertively,
automatically expresses some definite Austinian proposition, and
that that proposition is false. We do not think this is so. We do not
believe in some sort of magic wand that mysteriously determines
what situation a statement is about. That is obviously a matter
determined by the demands of communication, or, as Austin would
put it, by the demonstrative conventions of English.

Our book is an effort to treat the purely logical aspects of the
Liar. We wanted to show that there is no problem, on logical
grounds at least, with genuinely circular claims. And as far as logic
is concerned, it is even consistent to assume that the Liar sentence
can be used to make claims, albeit limited ones. However, we have
also shown that it can never be used to make a true claim.?

LA different, and in ways more illuminating, approach to the Reflection
Theorem is developed by Paul J. King (Manchester) in his unpublished
manuscript “Similarities between the Two Semantic Approaches of ‘The
Liar’.”

2Unless it is used to express a denial.
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Since our concerns were of a logical sort, our treatment does
not deal with the communicative aspects of language. Indeed, our
artifical language £ does not contain a significant communicative
component. We in fact designed our language so that it has only
one demonstrative convention: anything goes. That is, any set of
facts counts as an actual situation, a potential arbiter of the truth
of claims expressed by sentences of £. But it is clear that this is
overly permissive, that in English there are additional constraints
on what situations can fill this role. For example, if T claim that
everyone is awake in a room where half of the occupants are asleep,
then my claim is most likely false. I cannot plead that I am simply
describing the portion of the room that contains the people who
are awake. At least in ordinary circumstances, this would violate
the demonstrative conventions of English.

We remarked in the book that these additional demonstrative
conventions might well influence what one would want to say about
the Liar sentence of English. We suggested, for example, that it
may be that the demonstrative conventions of English require some
sort of semantic closure on the situation described. For example, it
may be that the demonstrative conventions presuppose a condition
like F-closure, a condition that simply cannot be met in the case of
an utterance of the Liar sentence. If this is so, then the Austinian
account would have a slightly different force. It would show that,
assumiing this demoustrative convention, the Liar sentence could
not express any proposition at all: its use would guarantee that
the assumed convention is violated.

Mark Crimmins has offered another suggestion. Perhaps the
demonstrative conventions of English require that the situation
being described be sufficiently determined by mutually accessible
facts, that is, facts commonly known by both the speaker and the
addressee. This would be in line with general Gricean principles
of cooperative communication. If something like this ¢s a demon-
strative convention of English then it would be hard to use the
Liar sentence, or the Truth-teller, for that matter, in accord with
the convention. One would certainly have to do more than simply
utter the sentence in an assertive frame of mind.

This seems like an important line of inquiry to be pursued
within the Austinian framework. But notice that these are empir-
ical questions about communication in English and other natural
languages. Our book touches on these matters only peripherally, by
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showing that certain conceivable demonstrative conventions sim-
ply could not be satisfied by an utterance of the Liar sentence,
for purely logical reasons. And more important, to our way of
thinking, it shows why these conventions could not be satisfied.

Paradox regained?

Since our metatheory, ZFC/AFA, is consistent, so too is our ac-
count of the Liar. Still, it is conceivable that once we expand the
semantical mechanisms to be studied, some paradox will re-emerge.
Indeed, several readers have tried to find paradoxes that are within
the spirit of our account. So far, no one has succeeded, at least
as far as we know. But we thought we would mention a couple of
the more interesting attempts here, since they shed light on the
general phenomena studied in the book.

Some readers have felt that as soon as quantification is intro-
duced, we will be back in the hot waters of paradox. Don’t we come
close to making unintelligible claims about the Liar ourselves, when
we say that every proposition it legitimately expresses is false? In
particular, isn’t there a paradox lurking in statements like:

Every proposition expressible by this sentence is false.

There are several ways one could introduce quantification into the
account given here. One would be the obvious one, where quanti-
fiers are treated as ranging over the domain of the described sit-
uation, say the set of objects that are members of its transitive
closure. Another would be in the generalized quantifier tradition,
where they are treated as expressing relations between sets. A
variation on this would be to treat them as expressing relations
between properties. Thus we could introduce single facts like the
following:
{C, whale, mammal; 1)

This fact would hold, since every whale is a mammal. Given the
flexibility of human language, a full account will probably have
to countenance all three sorts of interpetations of quantifiers. Let
us discuss what would happen to the above sentence on the first,
and most straightforward interpetation. (Roughly the same thing
happens in the others, though things get more complicated.)
What happens (under this interpretation) if we use the sentence
in question to express a propostion ps about some portion s of the
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world whose domain contains some collection of propositions? Will
ps be true or false? Well, it depends. There is nothing to preclude
1t expressing a true proposition, even one about an actual situation.
However, this can only happen if p, itself is not in the domain of
s. (For example, if s is an actual situation with no propositions
in its domain, then p, is true.) That is, if p, is in the domain of
an actual situation s, so that the quantification includes ps, then
the proposition has to be false. It follows that in cases where an
accessible proposition p, is true, the fact that it is true, (Tr, ps; 1),
will not be part of 5.3

But what happens, then, if we try to use this sentence to make
a claim about the whole world, w? In this case, p,, would be in the
domain of w, and consequently we know that p,, would be false.
This is not surprising, let alone paradoxical, since we have already
seen that some propositions expressible by our sentence are true.

A more original attempt to reintroduce a paradox is due to
Paddy Blanchette. Let F' be some operation that assigns to any
proposition p some actual situation s = F(p) which determines its
truth value. Thus cither (Tr,p; 1) or (Tr,p;0) € F(p). (Maybe F
picks out the smallest such situation, or the smallest one satisfy-
ing some closure conditions.) Now consider the statement “This
proposition is false in F'(this proposition).” The Blanchette para-
dox would arise if this sentence could be used to express a propo-
sition

p = {F(p);[Tr,p; 0]}
about the actual situation which F' in fact picks out.

The first thing to note is that there can be no proposition sat-
isfying this equation. Indecd, if s is actual and p = {s;[Tr, p; 0]},
then F'(p) cannot be a subset of, or identical to, s. (Exercise: This
is no more a violation of the Solution Lemma than the fact that
there is no set satisfying the equation z = Power(z). Explain what
is going on in these cases.)

The second thing to note is that the way that propositions
come to be about a given described situation is not by the speaker
mentioning that situation explicitly, but rather through the demon-
strative conventions of the language. But this is not to say that

3Notice that the claim that Cretans always lic, made by the Cretan in Paul’s
epistle to Titus, would rcceive a treatment similar to this. Since Paul took
it to be a true claim, the presupposed domain could not contain the claim
itself. This clearly seems like the right thing to say in this casc.
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we cannot mention situations explicitly. If we assert, for exam-
ple, “that’s a precarious situation,” the proposition expressed will
have the general form {s;[Precarious,s’;1]}, where s might or
might not be the same as the situation s’ explicitly referred to.
Similarly with the sentence “Proposition p is false in that situa-
tion.” The types associated with this sentence would be of the
form [F=, s, [T'r, p; 0]; 1] where p is the proposition referred to, s the
situation, and k= the relation that holds between a situation and
those types it satisfies. (Another possibility is where the two polar-
ities are switched. This is like the difference between our Assertive
Liar and our Denial Liar. Everything comes out just backwards.)

We can enrich our language £ so that Blanchette’s sentence
is expressible. If we used it to express a proposition about some
actual situation s, we would obtain a proposition

p={s;[F=, F(p), [Tr,p; 0}; 1]}.

Is p true or false? It is false. For it it were true, then (T'r,p; 0) €
F(p), but that would make p false. But then what about the fact
(Tr,p;0)? Well, it is a fact, and will indeed be in F(p). Con-
sequently, (=, F(p),[T'r,p;0];1) is also a fact, though not a con-
stituent of s. Once again, we see the kind of diagonalization that
characterizes the Austinian solution.

Modeling

Our book has a leit mofif that some readers have missed, prob-
ably because we never paused to give it special attention. And
some readers who have picked it up have urged us to be more ex-
plicit about it. The theme is a particular attitude toward the role
of set theory in semantics. One of the things we tried to do in
the book was to be very explicit about the difference between our
theoretical account of statements, propositions and truth, and our
mathematical models of these things. We did not pretend to give
a formal, axiomatic rendering of our theory. Rather, we developed
set-theoretic models of the key notions involved, much in the way
an orrery is a model of, but not a theory of, the motion of the
planets.

We do not think this is in any way unique to our work, and in
fact think it is the right way to understand the pervasive use of
set theory in formal semantics. What is perhaps different about
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this book is the explicit attention paid to certain issues that arise
out of this tradition. In particular, we explicitly confronted issues
about whether some aspect of the model was a reflection of the
domain modeled or, rather, an artifact of the way we chose to
model it. The wires that hold the orrery’s spheres do not commit
its designer to any claim about what holds the planets in place.
Similarly, we have seen many features of our set-theoretic models
that do not reflect theoretical commitments about the nature of the
semantic objects modeled. For example, the fact that our models of
propositions can have themselves as set-theoretic constituents (due
to our use of AFA) is not meant to involve a similar claim about real
propositions. What it reflects is only our belief that propositions
can sometimes be about themselves. Whether propositions are the
sorts of things that have constituents in some stronger sense is a
question we don’t address.
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